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LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE
AFFGEBROIDS
D. IGLESIAS, J.C. MARRERO, E. PADRO´N, D. SOSA
Abstract. We introduce the notion of a symplectic Lie affgebroid and their Lagrangian
submanifolds in order to describe the Lagrangian (Hamiltonian) dynamics on a Lie affgebroid
in terms of this type of structures. Several examples are discussed.
1. Introduction
Recently, there has been a lot of interest in the study of Lie algebroids, which can be thought
of as “generalized tangent bundles”, since they generalize Lie algebras as well as (regular) in-
tegrable distributions. From the Physics point of view, Lie algebroids can be used to give
geometric descriptions of Hamiltonian and Lagrangian Mechanics. In [23], A. Weinstein intro-
duces “Lagrangian systems” on a Lie algebroid E by means of the linear Poisson structure on
the dual E∗ and a Legendre-type map from E to E∗, associated to a given Lagrangian function
L on E, provided that L is regular. In that paper, he also asks about the possibility to develop
a geometric formalism on Lie algebroids similar to Klein’s formalism in ordinary Lagrangian
Mechanics. An answer for this question was given by Martinez in [12] (see also [13, 19]), using
the notion of prolongation of a Lie algebroid over a mapping [8].
In [21, 22] an interpretation of the Classical Lagrangian and Hamiltonian dynamics as La-
grangian submanifolds of convenient special symplectic manifolds is described. In doing so, one
introduces certain canonical isomorphisms which allow to build the so-called Tulczyjew’s triple
of Classical Mechanics (see [21, 22]). In [10], this line of research has been followed. More
precisely, the authors introduce the notion of a symplectic Lie algebroid and their Lagrangian
submanifolds in order to give an interpretation of Lagrangian and Hamiltonian Mechanics on
Lie algebroids in terms of Lagrangian submanifolds of symplectic Lie algebroids. In addition, as
an application, the authors recover Lagrange-Poincare´ [2] (respectively, Hamilton-Poincare´ [1])
equations associated with a G-invariant Lagrangian (respectively, Hamiltonian) on a principal
G-bundle p : Q → M as the Euler-Lagrange (respectively, Hamilton) equations on the Atiyah
algebroid TQ/G.
On the other hand, in [4, 16] (see also [5, 15, 17]) a possible generalization of the concept
of a Lie algebroid to affine bundles is introduced in order to create a geometric model which
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provides a natural framework for a time-dependent version of Lagrange (Hamilton) equations
on Lie algebroids. These new structures are called Lie affgebroid structures (in the terminology
of [4]).
The main aim of this paper is to introduce the notion of a Lagrangian submanifold of a sym-
plectic Lie affgebroid and, then, to use this type of geometric objects to describe the Lagrangian
(Hamiltonian) dynamics on Lie affgebroids.
The paper is organized as follows. In Section 2.1 we recall the notion of a Lie algebroid and
several constructions related with them, in particular the prolongation LfE of a Lie algebroid
τ : E → M over a smooth map f : M ′ → M and the definition of the Lie algebroid structure
of an action Lie algebroid. In Section 2.2, we describe the concept of a Lie affgebroid structure
on an affine bundle τA : A → M modelled on a vector bundle τV : V → M . We remark that
if τA+ : A
+ = Aff(A,R) → M is the dual bundle to A and A˜ = (A+)∗ is the bidual, then
a Lie affgebroid structure on A is equivalent to a Lie algebroid structure on A˜ such that the
distinguished section 1A of τA+ : A
+ → M (corresponding to the constant function 1 on A) is
a 1-cocycle for the Lie algebroid cohomology.
The description of the Hamiltonian dynamics on a Lie affgebroid is presented in Section 3.1
following [14]. This geometric framework allows to write, for a Lie affgebroid τA : A→M mod-
elled on a vector bundle τV : V → M , the Hamilton equations associated with a Hamiltonian
section h : V ∗ → A+ of the canonical projection µ : A+ → V ∗. In doing so, we introduce a
cosymplectic structure (Ωh, η) on the prolongation L
τ∗V A˜ of A˜ over τ∗V : V
∗ →M . Then, the in-
tegral curves of the Reeb section Rh of (Ωh, η) are just the solutions of the Hamilton equations.
Alternatively, one may prove that the solutions of the Hamilton equations are just the integral
curves of the Hamiltonian vector field (on V ∗) of h with respect to the canonical aff-Poisson
structure on the line affine bundle µ : A+ → V ∗ (see Theorem 3.2). Aff-Poisson structures were
introduced in [4] (see also [5]) as the affine version of standard Poisson structures. On the other
hand, in Section 3.2 it is developed the corresponding Lagrangian formalism for a Lagrangian
function L : A → R (see [14]). In this case, we work on the prolongation LτAA˜ of A˜ over τA.
We define the Poincare´-Cartan 2-section ΩL (as a section of the vector bundle ∧
2(LτAA˜)∗ → A)
and the vertical endomorphism S (as a section of LτAA˜⊗ (LτAA˜)∗ → A). These objects allow
us to write the Euler-Lagrange equations for L in an intrinsic way. In the particular case, when
L is regular the pair (ΩL, φ0) is a cosymplectic structure on L
τAA˜, φ0 being a certain 1-cocycle
of LτAA˜, and the integral curves of the Reeb section RL of (ΩL, φ0) are just the solutions of
the Euler-Lagrange equations for L. In Section 3.3 it is stated the equivalence between both
formalisms using the Legendre transformation legL : A→ V
∗, provided that L is hyperregular
(that is, legL : A → V
∗ is a global diffeomorphism). In fact, we may construct a Hamiltonian
section hL : V
∗ → A+ and we have a Lie algebroid morphism LlegL : L
τAA˜ → LτV ∗ A˜ over
legL : A → V
∗ which in the hyperregular case is an isomorphism and, in addition, connects
the Lagrangian and Hamiltonian formalism. Conversely, if h : V ∗ → A+ is a Hamiltonian
section, one may introduce a map Fh : V ∗ → A such that τA ◦ Fh = τ
∗
V . Furthermore, if h is
hyperregular (that is, Fh : V ∗ → A is a global diffeomorphism) then there exists a hyperregular
Lagrangian L : A→ R such that hL = h and Fh = leg
−1
L .
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In Sections 4 and 5, we extend the construction of Tulczyjew’s triple to the Lie affgebroid
setting. More precisely, for a Lie affgebroid τA : A→M we consider the space
J AA = {(a, v) ∈ A× TA/ρA(a) = (TτA)(v)},
where ρA : A → TM is the anchor map of A, and we prove that J
AA admits two Lie aff-
gebroids structures. These structures are isomorphic under the so-called canonical involution
σA : J
AA → J AA associated with A. In addition, if h : V ∗ → A+ is a Hamiltonian section
then we define an affine isomorphism ♭Ωh (over the identity of V
∗) between the affine bundles
ρ∗A(TV
∗) → V ∗ and (Lτ
∗
V V )∗ → V ∗. Here, ρ∗A(TV
∗) is the pull-back of the vector bundle
Tτ∗V : TV
∗ → TM over ρA and L
τ∗V V is the prolongation of V over τ∗V . The map ♭Ωh , along
with a canonical vector bundle isomorphism AA : ρ
∗
A(TV
∗)→ (LτAV )∗ (related with σA) gives
us the Tulczyjew’s triple associated with A and h.
In Section 6, we introduce the notion of a symplectic Lie affgebroid as a Lie affgebroid modelled
on a symplectic Lie algebroid (that is, a Lie algebroid τV : V → M which admits a non-
degenerate 2-cocycle). Moreover, we prove that if τA : A → M is a symplectic Lie affgebroid
then its prolongation J AA is also a symplectic Lie affgebroid. The notion of a Lagrangian
Lie subaffgebroid of a symplectic Lie affgebroid is introduced, in a natural way, in Section 7.
Examples and properties of this type of objects are discussed in this section.
In Section 8, using the results of Section 7, we introduce the definition of a Lagrangian sub-
manifold of a symplectic Lie affgebroid. Then, if h : V ∗ → A+ is a Hamiltonian section we
deduce that Sh = Rh(V
∗) is a Lagrangian submanifold of the symplectic Lie affgebroid ρ∗A(TV
∗)
and, in addition, there exists a bijection between admissible curves in Sh and solutions of the
Hamilton equations for h. Similarly, given a Lagrangian function L : A → R, we prove that
SL = (A
−1
A ◦ d
LτAV L)(A) is a Lagrangian submanifold of ρ∗A(TV
∗) and that there exists a
bijection between admissible curves in SL and solutions of the Euler-Lagrange equations for
L. When L is hyperregular and h is the corresponding Hamiltonian section, we deduce that
SL = Sh.
Finally, we describe some applications in Section 9. In fact, in Section 9.1, we prove that if the
Lie affgebroid A is a Lie algebroid then we recover the results obtained in [10] about the relation
between Lagrangian submanifolds and dynamics on Lie algebroids. In addition, in Section 9.2,
we apply the results of the paper to the particular case when the Lie affgebroid A is the 1-jet
bundle τ1,0 : J
1τ →M of local sections of a fibration τ :M → R. As a consequence, we deduce
that the classical Euler-Lagrange (Hamilton) equations of time-dependent Mechanics are just
the local equations defining Lagrangian submanifolds of a symplectic Lie affgebroid. On the
other hand, in Section 9.3, we consider a principal G-bundle p : Q→M such that the base space
M is fibred on R, that is, there exists a fibration ν :M → R. Then, if τ = ν◦p, we have that the
quotient affine bundle τ1,0|G : J
1τ/G→M admits a Lie affgebroid structure in such way that
the bidual Lie algebroid is just the Atiyah algebroid πQ|G : TQ/G → M associated with the
principal G-bundle p : Q → M (see [16]). For this reason, the affine bundle τ1,0|G : J
1τ/G →
M is called an Atiyah affgebroid. We obtain that, in this case, the solutions of the Euler-
Lagrange (Hamilton) equations for a Lagrangian (resp., a Hamiltonian section) are the solutions
of the classical nonautonomous Lagrange-Poincare´ (resp. Hamilton-Poincare´) equations for the
corresponding G-invariant Lagrangian (resp. G-invariant Hamiltonian section). Moreover, all
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these equations are reinterpreted as those defining the corresponding Lagrangian submanifolds
of an Atiyah symplectic Lie affgebroid.
Manifolds are real, paracompact and C∞. Maps are C∞. Sum over crossed repeated indices is
understood.
2. Lie algebroids and Lie affgebroids
2.1. Lie algebroids. Let E be a vector bundle of rank n over the manifold M of dimension
m and τ : E → M be the vector bundle projection. Denote by Γ(τ) the C∞(M)-module of
sections of τ : E → M . A Lie algebroid structure ([[·, ·]], ρ) on E is a Lie bracket [[·, ·]] on the
space Γ(τ) and a bundle map ρ : E → TM , called the anchor map, such that if we also denote
by ρ : Γ(τ)→ X(M) the homomorphism of C∞(M)-modules induced by the anchor map then
[[X, fY ]] = f [[X,Y ]] + ρ(X)(f)Y, for X,Y ∈ Γ(τ) and f ∈ C∞(M). The triple (E, [[·, ·]], ρ) is
called a Lie algebroid over M (see [11]). In such a case, the anchor map ρ : Γ(τ)→ X(M) is a
homomorphism between the Lie algebras (Γ(τ), [[·, ·]]) and (X(M), [·, ·]).
If (E, [[·, ·]], ρ) is a Lie algebroid, one may define a cohomology operator, which is called the
differential of E, dE : Γ(∧kτ∗) −→ Γ(∧k+1τ∗), as follows
(dEµ)(X0, . . . , Xk) =
k∑
i=0
(−1)iρ(Xi)(µ(X0, . . . , X̂i, . . . , Xk))
+
∑
i<j
(−1)i+jµ([[Xi, Xj ]], X0, . . . , X̂i, . . . , X̂j, . . . , Xk),
for µ ∈ Γ(∧kτ∗) and X0, . . . , Xk ∈ Γ(τ). Moreover, if X ∈ Γ(τ) one may introduce, in a natural
way, the Lie derivate with respect to X , as the operator LEX : Γ(∧
kτ∗) −→ Γ(∧kτ∗) given by
LEX = iX ◦ d
E + dE ◦ iX .
If E is the standard Lie algebroid TM then the differential dE = dTM is the usual exterior
differential associated with M , which we will denote by d0.
Now, suppose that (E, [[·, ·]], ρ) and (E′, [[·, ·]]′, ρ′) are Lie algebroids overM andM ′, respectively,
and that F : E → E′ is a vector bundle morphism over the map f : M → M ′. Then (F, f) is
said to be a Lie algebroid morphism if
dE((F, f)∗φ′) = (F, f)∗(dE
′
φ′), for φ′ ∈ Γ(∧k(τ ′)∗) and for all k.
Note that (F, f)∗φ′ is the section of the vector bundle ∧kE∗ →M defined by
((F, f)∗φ′)x(a1, . . . , ak) = φ
′
f(x)(F (a1), . . . , F (ak)),
for x ∈ M and a1, . . . , ak ∈ Ex. If (F, f) is a Lie algebroid morphism, f is an injective
immersion and F|Ex : Ex → E
′
f(x) is injective, for all x ∈ M , then (E, [[·, ·]], ρ) is said to be a
Lie subalgebroid of (E′, [[·, ·]]′, ρ′).
2.1.1. The prolongation of a Lie algebroid over a smooth map. In this section, we will recall the
definition of the Lie algebroid structure on the prolongation of a Lie algebroid over a smooth
map (see [8, 10]).
Let (E, [[·, ·]], ρ) be a Lie algebroid of rank n over a manifold M of dimension m with vector
bundle projection τ : E →M and f :M ′ →M be a smooth map.
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We consider the subset LfE of E × TM ′ and the map τf : LfE →M ′ defined by
LfE = {(b, v′) ∈ E × TM ′/ρ(b) = (Tf)(v′)}, τf (b, v′) = πM ′ (v
′),
where Tf : TM ′ → TM is the tangent map to f and πM ′ : TM
′ → M ′ is the canonical
projection.
Now, assume that ρ(Ef(x′))+ (Tx′f)(Tx′M
′) = Tf(x′)M, for all x
′ ∈M ′. Then, τf : LfE →M ′
is a vector bundle over M ′ of rank n + dimM ′ − m which admits a Lie algebroid structure
([[·, ·]]f , ρf ) characterized by
[[(X ◦ f, U ′), (Y ◦ f, V ′)]]f = ([[X,Y ]] ◦ f, [U ′, V ′]), ρf (X ◦ f, U ′) = U ′,
for all X,Y ∈ Γ(τ) and U ′, V ′ f -projectable vector fields to ρ(X) and ρ(Y ), respectively.
(LfE, [[·, ·]]f , ρf ) is called the prolongation of the Lie algebroid E over the map f (for more
details, see [8, 10]).
Next, we consider a particular case of the above construction. Let E be a Lie algebroid over a
manifold M with vector bundle projection τ : E →M and Lτ
∗
E be the prolongation of E over
the projection τ∗ : E∗ → M . Lτ
∗
E is a Lie algebroid over E∗ and we can define a canonical
section λE of the vector bundle (L
τ∗E)∗ → E∗ as follows. If a∗ ∈ E∗ and (b, v) ∈ (Lτ
∗
E)a∗
then
(2.1) λE(a
∗)(b, v) = a∗(b).
λE is called the Liouville section associated with the Lie algebroid E.
Now, one may consider the nondegenerate section ΩE = −d
Lτ
∗
EλE of ∧
2(Lτ
∗
E)∗ → E∗. It is
clear that dL
τ∗EΩE = 0. In other words, ΩE is a symplectic section. ΩE is called the canonical
symplectic section associated with the Lie algebroid E. Using the symplectic section ΩE one
may introduce a linear Poisson structure ΠE∗ on E
∗, with linear Poisson bracket {·, ·}E∗ given
by
{F,G}E∗ = −ΩE(XF , YG), for F,G ∈ C
∞(E∗),
where XF and XG are the Hamiltonian sections associated with F and G, that is, iXFΩE =
dL
τ∗EF and iXGΩE = d
Lτ
∗
EG.
Suppose that (xi) are local coordinates on an open subset U of M and that {eα} is a local basis
of sections of the vector bundle τ−1(U)→ U such that
ρ(eα) = ρ
i
α
∂
∂xi
, [[eα, eβ]] = C
γ
αβeγ .
Then, {e˜α, e¯α} is a local basis of sections of the vector bundle (τ
τ∗)−1((τ∗)−1(U))→ (τ∗)−1(U),
where ττ
∗
: Lτ
∗
E → E∗ is the vector bundle projection and
e˜α(a
∗) = (eα(τ
∗(a∗)), ρiα
∂
∂xi |a∗
), e¯α(a
∗) = (0,
∂
∂yα |a∗
).
Here, (xi, yα) are the local coordinates on E
∗ induced by the local coordinates (xi) and the
dual basis {eα} of {eα}. Moreover, we have that
(2.2) [[e˜α, e˜β]]
τ∗= Cγαβ e˜γ , [[e˜α, e¯β ]]
τ∗= [[e¯α, e¯β]]
τ∗= 0, ρτ
∗
(e˜α)= ρ
i
α
∂
∂xi
, ρτ
∗
(e¯α)=
∂
∂yα
,
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and
(2.3) λE(x
i, yα) = yαe˜
α, ΩE(x
i, yα) = e˜
α ∧ e¯α +
1
2
Cγαβyγ e˜
α ∧ e˜β,
(2.4) ΠE∗ =
1
2
Cγαβyγ
∂
∂yα
∧
∂
∂yβ
+ ρiα
∂
∂yα
∧
∂
∂xi
,
(for more details, see [10, 13]).
2.1.2. Action Lie algebroids. In this section, we will recall the definition of the Lie algebroid
structure of an action Lie algebroid (see [8, 10]).
Let (E, [[·, ·]], ρ) be a Lie algebroid over a manifoldM and f :M ′ →M be a smooth map. Then,
the pull-back of E over f , f∗E = {(x′, a) ∈ M ′ × E/f(x′) = τ(a)}, is a vector bundle over
M ′ whose vector bundle projection is the restriction to f∗E of the first canonical projection
pr1 : M
′ × E →M ′. However, f∗E is not, in general, a Lie algebroid.
Now, suppose that Ψ : Γ(τ)→ X(M ′) is an action of E on f , that is, Ψ is a R-linear map which
satisfies the following conditions
Ψ(hX) = (h ◦ f)ΨX, Ψ[[X,Y ]] = [ΨX,ΨY ], ΨX(h ◦ f) = ρ(X)(h) ◦ f,
forX,Y ∈ Γ(τ) and h ∈ C∞(M). Then, one may introduce a Lie algebroid structure ([[·, ·]]Ψ, ρΨ)
on the vector bundle f∗E →M ′ which is characterized by the following conditions
(2.5) [[X ◦ f, Y ◦ f ]]Ψ = [[X,Y ]] ◦ f, ρΨ(X ◦ f) = Ψ(X), for X,Y ∈ Γ(τ).
The resultant Lie algebroid is denoted by E ⋉ f and we call it an action Lie algebroid.
Next, we will apply the above construction to a particular case. First of all, we recall that there
is a one-to-one correspondence between linear functions on a vector bundle E and sections of
E∗. In this paper, we don’t distinguish between a section of E∗ and its associated linear function
on E. Let (E, [[·, ·]], ρ) be a Lie algebroid with vector bundle projection τ : E → M and X be
a section of τ : E → M . Then, we define the vertical lift of X as the vector field on E given
by Xv(a) = X(τ(a))va, for a ∈ E, where
v
a : Eτ(a) → Ta(Eτ(a)) is the canonical vector space
isomorphism. In addition, there exists a unique vector field Xc on E, the complete lift of X ,
which satisfies the following conditions: i) Xc is τ -projectable on ρ(X) and ii) Xc(α) = LEXα,
for all α : E → R section of E∗ (for more details, see [6, 7, 10]).
On the other hand, it is well-known (see, for instance, [3]) that the tangent bundle to E, TE,
is a vector bundle over TM with vector bundle projection the tangent map to τ , Tτ : TE →
TM . Moreover, the tangent map to X , TX : TM → TE, is a section of the vector bundle
Tτ : TE → TM . We may also consider the section Xˆ : TM → TE of Tτ : TE → TM given
by
(2.6) Xˆ(u) = (Tx0)(u) +X(x)
v
0(x),
for u ∈ TxM , where 0 : M → E is the zero section of E and
v
0(x) : Ex → T0(x)(Ex) is the
canonical isomorphism between Ex and T0(x)(Ex).
If {eα} is a local basis of Γ(τ) then {Teα, êα} is a local basis of Γ(Tτ).
The vector bundle Tτ : TE → TM admits a Lie algebroid structure with anchor map ρT given
by ρT = σTM ◦ Tρ, σTM : T (TM) → T (TM) being the canonical involution of the double
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tangent bundle. The Lie bracket [[·, ·]]T on the space Γ(Tτ) is characterized by the following
equalities
(2.7) [[TX, TY ]]T = T [[X,Y ]], [[TX, Yˆ ]]T = ̂[[X,Y ]], [[Xˆ, Yˆ ]]T = 0,
for X,Y ∈ Γ(τ) (see [10, 18]).
Furthermore, there exists a unique action Ψ : Γ(Tτ) → X(E) of the Lie algebroid (TE, [[·, ·]]T ,
ρT ) over the anchor map ρ : E → TM such that Ψ(TX) = Xc and Ψ(Xˆ) = Xv, for X ∈ Γ(τ)
(see [10]). Thus, the vector bundle ρ∗(TE) is a Lie algebroid with Lie algebroid structure
([[·, ·]]TΨ, ρ
T
Ψ), which is characterized as in (2.5).
2.2. Lie affgebroids. Let τA : A → M be an affine bundle with associated vector bundle
τV : V →M . Denote by τA+ : A
+ = Aff(A,R)→M the dual bundle whose fibre over x ∈M
consists of affine functions on the fibre Ax. Note that this bundle has a distinguished section
1A ∈ Γ(τA+) corresponding to the constant function 1 on A. We also consider the bidual bundle
τA˜ : A˜→M whose fibre at x ∈M is the vector space A˜x = (A
+
x )
∗. Then, A may be identified
with an affine subbundle of A˜ via the inclusion iA : A → A˜ given by iA(a)(ϕ) = ϕ(a), which
is injective affine map whose associated linear map is denoted by iV : V → A˜. Thus, V may
be identified with a vector subbundle of A˜. Using these facts, one can prove that there is a
one-to-one correspondence between affine functions on A and linear functions on A˜. On the
other hand, there is an obvious one-to-one correspondence between affine functions on A and
sections of A+.
A Lie affgebroid structure on A consists of a Lie algebra structure [[·, ·]]V on the space Γ(τV ) of
the sections of τV : V →M , a R-linear action D : Γ(τA)× Γ(τV )→ Γ(τV ) of the sections of A
on Γ(τV ) and an affine map ρA : A→ TM , the anchor map, satisfying the following conditions:
• DX [[Y¯ , Z¯]]V = [[DX Y¯ , Z¯]]V + [[Y¯ , DXZ¯]]V ,
• DX+Y¯ Z¯ = DX Z¯ + [[Y¯ , Z¯]]V ,
• DX(fY¯ ) = fDX Y¯ + ρA(X)(f)Y¯ ,
for X ∈ Γ(τA), Y¯ , Z¯ ∈ Γ(τV ) and f ∈ C
∞(M) (see [4, 16]).
If ([[·, ·]]V , D, ρA) is a Lie affgebroid structure on an affine bundle A then (V, [[·, ·]]V , ρV ) is a Lie
algebroid, where ρV : V → TM is the vector bundle map associated with the affine morphism
ρA : A→ TM .
A Lie affgebroid structure on an affine bundle τA : A → M induces a Lie algebroid structure
([[·, ·]]A˜, ρA˜) on the bidual bundle A˜ such that 1A ∈ Γ(τA+) is a 1-cocycle in the corresponding
Lie algebroid cohomology, that is, dA˜1A = 0. Indeed, if X0 ∈ Γ(τA) then for every section X˜ of
A˜ there exists a function f ∈ C∞(M) and a section X¯ ∈ Γ(τV ) such that X˜ = fX0 + X¯ and
(2.8)
ρA˜(fX0 + X¯) = fρA(X0) + ρV (X¯),
[[fX0 + X¯, gX0 + Y¯ ]]A˜ = (ρV (X¯)(g)− ρV (Y¯ )(f) + fρA(X0)(g)
−gρA(X0)(f))X0 + [[X¯, Y¯ ]]V + fDX0 Y¯ − gDX0X¯.
Conversely, let (U, [[·, ·]]U , ρU ) be a Lie algebroid over M and φ : U → R be a 1-cocycle of
(U, [[·, ·]]U , ρU ) such that φ|Ux 6= 0, for all x ∈ M . Then, A = φ
−1{1} is an affine bundle over
M which admits a Lie affgebroid structure in such a way that (U, [[·, ·]]U , ρU ) may be identified
with the bidual Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) to A and, under this identification, the 1-cocycle
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1A : A˜ → R is just φ. The affine bundle τA : A → M is modelled on the vector bundle
τV : V = φ
−1{0} → M . In fact, if iV : V → U and iA : A → U are the canonical inclusions,
then
(2.9)
iV ◦ [[X¯, Y¯ ]]V = [[iV ◦ X¯, iV ◦ Y¯ ]]U , iV ◦DX Y¯ = [[iA ◦X, iV ◦ Y¯ ]]U ,
ρA(X) = ρU (iA ◦X),
for X¯, Y¯ ∈ Γ(τV ) and X ∈ Γ(τA).
A trivial example of a Lie affgebroid may be constructed as follows. Let τ :M → R be a fibration
and τ1,0 : J
1τ → M be the 1-jet bundle of local sections of τ : M → R. It is well known that
τ1,0 : J
1τ → M is an affine bundle modelled on the vector bundle π = (πM )|V τ : V τ → M ,
where V τ is the vertical bundle of τ :M → R. Moreover, if t is the usual coordinate on R and
η is the closed 1-form on M given by η = τ∗(dt) then we have the following identification
J1τ ∼= {v ∈ TM/η(v) = 1}
(see, for instance, [20]). Note that V τ = {v ∈ TM/η(v) = 0}. Thus, the bidual bundle J˜1τ to
the affine bundle τ1,0 : J
1τ → M may be identified with the tangent bundle TM to M and,
under this identification, the Lie algebroid structure on πM : TM → M is the standard Lie
algebroid structure and the 1-cocycle 1J1τ on πM : TM →M is just the 1-form η.
Let τA : A → M be a Lie affgebroid modelled on the Lie algebroid τV : V → M . Suppose
that (xi) are local coordinates on an open subset U of M and that {e0, eα} is a local basis of
sections of τA˜ : A˜→M in U which is adapted to the 1-cocycle 1A, i.e., such that 1A(e0) = 1 and
1A(eα) = 0, for all α. Note that if {e
0, eα} is the dual basis of {e0, eα} then e
0 = 1A. Denote
by (xi, y0, yα) the corresponding local coordinates on A˜. Then, the local equation defining the
affine subbundle A (respectively, the vector subbundle V ) of A˜ is y0 = 1 (respectively, y0 = 0).
Thus, (xi, yα) may be considered as local coordinates on A and V .
Now, let τA : A →M (respectively, τA′ : A
′ → M ′) be an affine bundle with associated vector
bundle τV : V → M (respectively, τV ′ : V
′ → M ′) and F : A → A′ be an affine bundle
morphism over the map f : M → M ′ with associated morphism (F l, f) between the vector
bundles τV : V →M and τV ′ : V
′ →M ′.
Then, a direct computation proves that the map F˜ : A˜→ A˜′ given by
F˜ (a˜)(ϕ′) = a˜(ϕ′ ◦ F ), for a˜ ∈ A˜x and ϕ
′ ∈ (A′)+f(x), with x ∈M ,
defines a morphism between the vector bundles A˜ and A˜′ over f and, moreover, (F˜ , f)∗1A′ = 1A.
Conversely, suppose that τU : U → M and τU ′ : U
′ → M ′ are vector bundles and that φ and
φ′ are sections of the vector bundles τ∗U : U
∗ → M and τ∗U ′ : (U
′)∗ → M ′ such that φ(x) 6= 0,
for all x ∈M , and φ′(x′) 6= 0, for all x′ ∈M ′. Assume also that the pair (F˜ , f) is a morphism
between the vector bundles τU : U →M and τU ′ : U
′ →M ′ such that (F˜ , f)∗φ′ = φ and denote
by A and V (respectively, A′ and V ′) the subsets of U (respectively, U ′) defined by A = φ−1{1}
and V = φ−1{0} (respectively, A′ = (φ′)−1{1} and V ′ = (φ′)−1{0}). Then, it is easy to prove
that F˜ (A) ⊆ A′ and F˜ (V ) ⊆ V ′. Thus, the pair (F, f) is a morphism between the affine bundles
τA = (τU )|A : A → M and τA′ = (τU ′ )|A′ : A
′ → M ′, where F : A → A′ is the restriction of
F˜ to A. The corresponding morphism between the vector bundles τV = (τU )|V : V → M and
τV ′ = (τU ′ )|V ′ : V
′ →M ′ is the pair (F l, f), F l : V → V ′ being the restriction of F˜ to V .
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Now, suppose that (τA : A→M , τV : V →M, ([[·, ·]]V , D, ρA)) and (τA′ : A
′ →M ′, τV ′ : V
′ →
M ′, ([[·, ·]]V ′ , D
′, ρA′)) are two Lie affgebroids and that ((F, f), (F
l, f)) is a morphism between
the affine bundles (τA : A→M , τV : V →M) and (τA′ : A
′ →M ′, τV ′ : V
′ →M ′). Then, the
pair ((F, f), (F l, f)) is said to be a Lie affgebroid morphism if:
(i) The pair (F l, f) is a morphism between the Lie algebroids (V, [[·, ·]]V , ρV ) and (V
′, [[·, ·]]V ′ ,
ρV ′),
(ii) Tf ◦ ρA = ρA′ ◦ F and
(iii) If X (respectively, X ′) is a section of τA : A → M (respectively, τA′ : A
′ → M ′) and
Y¯ (respectively, Y¯ ′) is a section of τV : V → M (respectively, τV ′ : V
′ → M ′) such that
X ′ ◦ f = F ◦X and Y¯ ′ ◦ f = F l ◦ Y¯ then F l ◦DX Y¯ = (D
′
X′ Y¯
′) ◦ f.
Now, using (2.8), one may deduce the following result.
Proposition 2.1. Suppose that (τA : A → M, τV : V → M) and (τA′ : A
′ → M ′, τV ′ : V
′ →
M ′) are Lie affgebroids. If ((F, f), (F l, f)) is a Lie affgebroid morphism and F˜ : A˜→ A˜′ is the
corresponding morphism between the bidual vector bundles A˜ and A˜′, then the pair (F˜ , f) is a
morphism between the Lie algebroids A˜ and A˜′.
Finally, using (2.9), one may prove
Proposition 2.2. Suppose that τU : U → M and τU ′ : U
′ → M ′ are Lie algebroids and that
φ ∈ Γ(τ∗U ) and φ
′ ∈ Γ(τ∗U ′ ) are 1-cocycles of τU : U → M and τU ′ : U
′ → M ′, respectively,
such that φ(x) 6= 0, for all x ∈ M , and φ′(x′) 6= 0, for all x′ ∈ M ′. Then, if the pair (F˜ , f)
is a Lie algebroid morphism between the Lie algebroids τU : U → M and τU ′ : U
′ → M ′
satisfying (F˜ , f)∗φ′ = φ, we have that the corresponding morphism ((F, f), (F l, f)) between the
Lie affgebroids (τA = (τU )|A : A = φ
−1{1} → M , τV = (τU )|V : V = φ
−1{0} → M) and
(τA′ = (τU ′)|A′ : A
′ = (φ′)−1{1} → M ′, τV ′ = (τ
′
U )|V ′ : V
′ = (φ′)−1{0} → M ′) is a Lie
affgebroid morphism.
3. Hamiltonian and Lagrangian formalism on Lie affgebroids
3.1. The Hamiltonian formalism. In this section, we will develop a geometric framework,
which allows to write the Hamilton equations associated with a Hamiltonian section on a Lie
affgebroid (see [14]).
Suppose that (τA : A → M, τV : V → M, ([[·, ·]]V , D, ρA)) is a Lie affgebroid. Now, let
(Lτ
∗
V A˜, [[·, ·]]
τ∗V
A˜
, ρ
τ∗V
A˜
) be the prolongation of the bidual Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) over the
fibration τ∗V : V
∗ →M .
Let (xi) be local coordinates on an open subset U of M and {e0, eα} be a local basis of sections
of the vector bundle τ−1
A˜
(U)→ U adapted to 1A and
[[e0, eα]]A˜ = C
γ
0αeγ , [[eα, eβ ]]A˜ = C
γ
αβeγ , ρA˜(e0) = ρ
i
0
∂
∂xi
, ρA˜(eα) = ρ
i
α
∂
∂xi
.
Denote by (xi, y0, yα) the corresponding local coordinates on A˜ and by (xi, y0, yα) the dual
coordinates on the dual vector bundle τA+ : A
+ →M to A˜. Then, (xi, yα) are local coordinates
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on V ∗ and {e˜0, e˜α, e¯α} is a local basis of sections of the vector bundle τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗ , where
e˜0(ψ) = (e0(τ
∗
V (ψ)), ρ
i
0
∂
∂xi |ψ
), e˜α(ψ) = (eα(τ
∗
V (ψ)), ρ
i
α
∂
∂xi |ψ
), e¯α(ψ) = (0,
∂
∂yα |ψ
).
Using this local basis one may introduce local coordinates (xi, yα; z
0, zα, vα) on L
τ∗V A˜.
Let µ : A+ → V ∗ be the canonical projection given by µ(ϕ) = ϕl, for ϕ ∈ A+x , with x ∈ M ,
where ϕl ∈ V ∗x is the linear map associated with the affine map ϕ and h : V
∗ → A+ be a
Hamiltonian section of µ.
Now, we consider the Lie algebroid prolongation LτA+ A˜ of the Lie algebroid A˜ over τA+ :
A+ → M with vector bundle projection τ
τ
A+
A˜
: LτA+ A˜ → A+ (see Section 2.1.1). Then, we
may introduce the map Lh : Lτ
∗
V A˜ → LτA+ A˜ defined by Lh(a˜, Xα) = (a˜, (Tαh)(Xα)), for
(a˜, Xα) ∈ (L
τ∗V A˜)α, with α ∈ V
∗. It is easy to prove that the pair (Lh, h) is a Lie algebroid
morphism between the Lie algebroids τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗ and τ
τ
A+
A˜
: LτA+ A˜→ A+.
Next, denote by λh and Ωh the sections of the vector bundles (L
τ∗V A˜)∗ → V ∗ and Λ2(Lτ
∗
V A˜)∗ →
V ∗ given by
(3.1) λh = (Lh, h)
∗(λA˜), Ωh = (Lh, h)
∗(ΩA˜),
where λA˜ and ΩA˜ are the Liouville section and the canonical symplectic section, respectively,
associated with the Lie algebroid A˜. Note that Ωh = −d
Lτ
∗
V A˜λh.
On the other hand, let η : Lτ
∗
V A˜→ R be the section of (Lτ
∗
V A˜)∗ → V ∗ defined by
(3.2) η(a˜, Xα) = 1A(a˜),
for (a˜, Xα) ∈ (L
τ∗V A˜)α, with α ∈ V
∗. Note that if pr1 : L
τ∗V A˜ → A˜ is the canonical projection
on the first factor then (pr1, τ
∗
V ) is a morphism between the Lie algebroids τ
τ∗V
A˜
: Lτ
∗
V A˜ → V ∗
and τA˜ : A˜ → M and (pr1, τ
∗
V )
∗(1A) = η. Thus, since 1A is a 1-cocycle of τA˜ : A˜ → M , we
deduce that η is a 1-cocycle of the Lie algebroid τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗.
Suppose that h(xi, yα) = (x
i,−H(xj , yβ), yα) and that {e˜
0, e˜α, e¯α} is the dual basis of {e˜0, e˜α,
e¯α}. Then η = e˜
0 and, from (2.3), (3.1) and the definition of the map Lh, it follows that
(3.3) Ωh = e˜
γ ∧ e¯γ +
1
2
Cαγβyαe˜
γ ∧ e˜β + (ρiγ
∂H
∂xi
− Cα0γyα)e˜
γ ∧ e˜0 +
∂H
∂yγ
e¯γ ∧ e˜0.
Thus, it is easy to prove that the pair (Ωh, η) is a cosymplectic structure on the Lie algebroid
τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗, that is,
{η ∧ Ωh ∧ . . .
(n · · · ∧ Ωh}(α) 6= 0, for all α ∈ V
∗,
dL
τ∗
V A˜η = 0, dL
τ∗
V A˜Ωh = 0.
Remark 3.1. Let Lτ
∗
V V be the prolongation of the Lie algebroid V over the projection τ∗V :
V ∗ → M . Denote by λV and ΩV the Liouville section and the canonical symplectic section,
respectively, of V and by (iV , Id) : L
τ∗V V → Lτ
∗
V A˜ the canonical inclusion. Then, using (2.1),
(3.1), (3.2) and the fact that µ ◦ h = Id, we obtain that
(3.4) (iV , Id)
∗(λh) = λV , (iV , Id)
∗(η) = 0.
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Thus, since (iV , Id) is a Lie algebroid morphism, we also deduce that
(3.5) (iV , Id)
∗(Ωh) = ΩV .
♦
Now, let Rh ∈ Γ(τ
τ∗V
A˜
) be the Reeb section of the cosymplectic structure (Ωh, η) characterized
by the following conditions
(3.6) iRhΩh = 0 and iRhη = 1.
With respect to the basis {e˜0, e˜α, e¯α} of Γ(τ
τ∗V
A˜
), Rh is locally expressed as follows:
(3.7) Rh = e˜0 +
∂H
∂yα
e˜α − (C
γ
αβyγ
∂H
∂yβ
+ ρiα
∂H
∂xi
− Cγ0αyγ)e¯α.
Thus, the vector field ρ
τ∗V
A˜
(Rh) is locally given by
(3.8) ρ
τ∗V
A˜
(Rh) = (ρ
i
0 +
∂H
∂yα
ρiα)
∂
∂xi
+
(
− ρiα
∂H
∂xi
+ yγ(C
γ
0α + C
γ
βα
∂H
∂yβ
)
) ∂
∂yα
and the integral curves of Rh (i.e., the integral curves of ρ
τ∗V
A˜
(Rh)) are just the solutions of the
Hamilton equations for h,
(3.9)
dxi
dt
= ρi0 +
∂H
∂yα
ρiα,
dyα
dt
= −ρiα
∂H
∂xi
+ yγ(C
γ
0α + C
γ
βα
∂H
∂yβ
),
for i ∈ {1, . . . ,m} and α ∈ {1, . . . , n}.
Next, we will present an alternative approach in order to obtain the Hamilton equations. For
this purpose, we will use the notion of an aff-Poisson structure on an AV-bundle which was
introduced in [4] (see also [5]).
Let τZ : Z → M be an affine bundle of rank 1 modelled on the trivial vector bundle τM×R :
M × R→M , that is, τZ : Z →M is an AV-bundle in the terminology of [5].
Then, we have an action of R on the fibers of Z. This action induces a vector field XZ on Z
which is vertical respect to the projection τZ : Z →M .
On the other hand, there exists a one-to-one correspondence between the space of sections of
τZ : Z →M , Γ(τZ), and the set
{Fh ∈ C
∞(Z)/XZ(Fh) = −1}.
In fact, if h ∈ Γ(τZ) and (x
i, s) are local fibred coordinates on Z such that XZ =
∂
∂s
then h
may be considered as a local function H onM , xi → H(xi), and the function Fh on Z is locally
given by
(3.10) Fh(x
i, s) = −H(xi)− s,
(for more details, see [5]).
Now, an aff-Poisson structure on the affine bundle τZ : Z →M is a bi-affine map
{·, ·} : Γ(τZ)× Γ(τZ)→ C
∞(M)
which satisfies the following properties:
i) Skew-symmetric: {h1, h2} = −{h2, h1}.
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ii) Jacobi identity:
{h1, {h2, h3}}
2
V + {h2, {h3, h1}}
2
V + {h3, {h1, h2}}
2
V = 0,
where {·, ·}2V is the affine-linear part of the bi-affine bracket.
iii) If h ∈ Γ(τZ) then
{h, ·} : Γ(τZ)→ C
∞(M), h′ 7→ {h, h′},
is an affine derivation.
Condition iii) implies that the linear part {h, ·}V : C
∞(M) → C∞(M) of the affine map
{h, ·} : Γ(τZ) → C
∞(M) defines a vector field on M , which is called the Hamiltonian vector
field of h (see [5]).
In [5], the authors proved that there is a one-to-one correspondence between aff-Poisson brackets
{·, ·} on τZ : Z → M and Poisson brackets {·, ·}Π on Z which are XZ-invariant, i.e., which
are associated with Poisson 2-vectors Π on Z such that LXZΠ = 0. This correspondence is
determined by
{h, h′} ◦ τZ = {Fh, Fh′}Π, for h, h
′ ∈ Γ(τZ).
Note that the function {Fh, Fh′}Π on Z is τZ -projectable, i.e., LXZ{Fh, Fh′}Π = 0 (because the
Poisson 2-vector Π is XZ -invariant).
Using this correspondence we will prove the following result.
Theorem 3.2. Let τA : A→M be a Lie affgebroid modelled on the vector bundle τV : V →M .
Denote by τA+ : A
+ →M (resp., τ∗V : V
∗ →M) the dual vector bundle to A (resp., to V ) and
by µ : A+ → V ∗ the canonical projection. Then:
i) µ : A+ → V ∗ is an AV-bundle which admits an aff-Poisson structure.
ii) If h : V ∗ → A+ is a Hamiltonian section (that is, h ∈ Γ(µ)) then the Hamiltonian
vector field of h with respect to the aff-Poisson structure is a vector field on V ∗ whose
integral curves are just the solutions of the Hamilton equations for h.
Proof. i) It is clear that µ : A+ → V ∗ is an AV-bundle. In fact, if a+ ∈ A+x , with x ∈ M , and
t ∈ R then
a+ + t = a+ + t1A(x).
Thus, the µ-vertical vector fieldXA+ on A
+ is just the vertical lift 1VA of the section 1A ∈ Γ(τA+).
Moreover, one may consider the Lie algebroid τA˜ : A˜ = (A
+)∗ → M and the corresponding
linear Poisson 2-vector ΠA+ on A
+. Then, using the fact that 1A is a 1-cocycle of τA˜ : A˜ =
(A+)∗ →M , it follows that the Poisson 2-vector ΠA+ is XA+-invariant. Therefore, ΠA+ induces
an aff-Poisson structure {·, ·} on µ : A+ → V ∗ which is characterized by the condition
(3.11) {h, h′} ◦ µ = {Fh, Fh′}Π
A+
, for h, h′ ∈ Γ(µ).
One may also prove this first part of the theorem using the relation between special Lie affgebroid
structures on an affine bundle A′ and aff-Poisson structures on the AV-bundle AV ((A′)♯) (see
Theorem 23 in [5]).
ii) From (3.10) and (3.11), we deduce that the linear map {h, ·}V : C
∞(V ∗) → C∞(V ∗)
associated with the affine map {h, ·} : Γ(µ)→ C∞(V ∗) (that is, the Hamiltonian vector field of
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h) is given by
(3.12) {h, ·}V (ϕ) ◦ µ = {Fh, ϕ ◦ µ}Π
A+
, for ϕ ∈ C∞(V ∗).
Now, suppose that the local expression of h is
(3.13) h(xi, yα) = (x
i,−H(xj , yβ), yα).
On the other hand, using (2.4), we have that
(3.14) ΠA+ =
1
2
Cγαβyγ
∂
∂yα
∧
∂
∂yβ
+ Cγ0αyγ
∂
∂y0
∧
∂
∂yα
+ ρi0
∂
∂y0
∧
∂
∂xi
+ ρiα
∂
∂yα
∧
∂
∂xi
.
Thus, from (3.12), (3.13) and (3.14), we conclude that the Hamiltonian vector field of h is
locally given by
(ρi0 +
∂H
∂yα
ρiα)
∂
∂xi
+ (−ρiα
∂H
∂xi
+ yγ(C
γ
0α + C
γ
βα
∂H
∂yβ
))
∂
∂yα
which proves our result (see (3.8)). 
3.2. The Lagrangian formalism. In this section, we will develop a geometric framework,
which allows to write the Euler-Lagrange equations associated with a Lagrangian function L
on a Lie affgebroid A in an intrinsic way (see [16]).
Suppose that (τA : A → M, τV : V → M, ([[·, ·]]V , D, ρA)) is a Lie affgebroid on M . Then, the
bidual bundle τA˜ : A˜ → M to A admits a Lie algebroid structure ([[·, ·]]A˜, ρA˜) in such a way
that the section 1A of the dual bundle A
+ is a 1-cocycle.
Now, we consider the Lie algebroid prolongation (LτAA˜, [[·, ·]]τA
A˜
, ρτA
A˜
) of the Lie algebroid
(A˜, [[·, ·]]A˜, ρA˜) over the fibration τA : A→M with vector bundle projection τ
τA
A˜
: LτAA˜→ A.
If (xi) are local coordinates on an open subset U of M and {e0, eα} is a local basis of sections
of the vector bundle τ−1
A˜
(U) → U adapted to 1A, then {T˜0, T˜α, V˜α} is a local basis of sections
of the vector bundle (ττA
A˜
)−1(τ−1
A˜
(U))→ τ−1
A˜
(U), where
(3.15) T˜0(a) = (e0(τA(a)), ρ
i
0
∂
∂xi |a
), T˜α(a) = (eα(τA(a)), ρ
i
α
∂
∂xi |a
), V˜α(a) = (0,
∂
∂yα |a
),
(xi, yα) are the local coordinates on A induced by the local coordinates (xi) and the basis {eα}
and ρi0, ρ
i
α are the components of the anchor map ρA˜. Therefore, we have that
(3.16)
[[T˜0, T˜α]]
τA
A˜
= Cγ0αT˜γ , [[T˜α, T˜β]]
τA
A˜
= Cγαβ T˜γ ,
[[T˜0, V˜α]]
τA
A˜
= [[T˜α, V˜β ]]
τA
A˜
= [[V˜α, V˜β ]]
τA
A˜
= 0,
ρτA
A˜
(T˜0) = ρ
i
0
∂
∂xi
, ρτA
A˜
(T˜α) = ρ
i
α
∂
∂xi
, ρτA
A˜
(V˜α) =
∂
∂yα
,
where Cγ0β and C
γ
αβ are the structure functions of the Lie bracket [[·, ·]]A˜ with respect to the
basis {e0, eα}. Note that, if {T˜
0, T˜α, V˜ α} is the dual basis of {T˜0, T˜α, V˜α}, then T˜
0 is globally
defined and it is a 1-cocycle. We will denote by φ0 the 1-cocycle T˜
0. Thus, we have that
(3.17) φ0(a)(b˜, Xa) = 1A(b˜), for (b˜, Xa) ∈ (L
τAA˜)a.
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One may also consider the vertical endomorphism S : LτAA˜→ LτAA˜, as a section of the vector
bundle LτAA˜⊗ (LτAA˜)∗ → A, whose local expression is (see [16])
(3.18) S = (T˜α − yαT˜ 0)⊗ V˜α.
Now, a curve γ : I ⊆ R→ A in A is said to be admissible if ρA˜◦iA◦γ =
˙̂
(τA ◦ γ) or,equivalently,
(iA(γ(t)), γ˙(t)) ∈ (L
τAA˜)γ(t), for all t ∈ I , iA : A→ A˜ being the canonical inclusion. Thus, if
γ(t) = (xi(t), yα(t)), for all t ∈ I, then γ is an admissible curve if and only if
dxi
dt
= ρi0 + ρ
i
αy
α, for i ∈ {1, . . . ,m}.
A section ξ of ττA
A˜
: LτAA˜→ A is said to be a second order differential equation (SODE) on A
if the integral curves of ξ, that is, the integral curves of the vector field ρτA
A˜
(ξ), are admissible.
If ξ ∈ Γ(ττA
A˜
) is a SODE then ξ = T˜0 + y
αT˜α + ξ
αV˜α, where ξ
α are arbitrary local functions on
A, and
ρτA
A˜
(ξ) = (ρi0 + y
αρiα)
∂
∂xi
+ ξα
∂
∂yα
.
On the other hand, let L : A→ R be a Lagrangian function. Then, we introduce the Poincare´-
Cartan 1-section ΘL ∈ Γ((τ
τA
A˜
)∗) and the Poincare´-Cartan 2-section ΩL ∈ Γ(∧
2(ττA
A˜
)∗) asso-
ciated with L defined by
(3.19) ΘL = Lφ0 + (d
LτA A˜L) ◦ S, ΩL = −d
LτA A˜ΘL.
From (3.16), (3.18) and (3.19), we obtain that
(3.20)
ΘL = (L− y
α ∂L
∂yα
)T˜ 0 +
∂L
∂yα
T˜α,
ΩL = (iξ0(d
LτA A˜(
∂L
∂yα
))−
∂L
∂yγ
(Cγ0α + C
γ
βαy
β)− ρiα
∂L
∂xi
)θα ∧ T˜ 0
+
∂2L
∂yα∂yβ
θα ∧ ψβ +
1
2
(ρiβ
∂2L
∂xi∂yα
− ρiα
∂2L
∂xi∂yβ
+
∂L
∂yγ
Cγαβ)θ
α ∧ θβ ,
where θα = T˜α − yαT˜ 0, ψα = V˜ α − ξα0 T˜
0 and ξ0 = T˜0 + y
αT˜α + ξ
α
0 V˜α is an arbitrary SODE.
Now, a curve γ : I = (−ǫ, ǫ) ⊆ R → A in A is a solution of the Euler-Lagrange equations
associated with L if and only if γ is admissible and i(iA(γ(t)),γ˙(t))ΩL(γ(t)) = 0, for all t.
If γ(t) = (xi(t), yα(t)) then γ is a solution of the Euler-Lagrange equations if and only if
(3.21)
dxi
dt
= ρi0 + ρ
i
αy
α,
d
dt
(
∂L
∂yα
) = ρiα
∂L
∂xi
+ (Cγ0α + C
γ
βαy
β)
∂L
∂yγ
,
for i ∈ {1, . . . ,m} and α ∈ {1, . . . , n}.
The Lagrangian L is regular if and only if the matrix (Wαβ) = (
∂2L
∂yα∂yβ
) is regular or, in other
words, the pair (ΩL, φ0) is a cosymplectic structure on L
τAA˜.
If the Lagrangian L is regular, then the Reeb section RL of (ΩL, φ0) is the unique Lagrangian
SODE associated with L, that is, the integral curves of the vector field ρτA
A˜
(RL) are solutions of
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the Euler-Lagrange equations associated with L. In such a case, RL is called the Euler-Lagrange
section associated with L and its local expression is
(3.22) RL = T˜0 + y
αT˜α +W
αβ(ρiβ
∂L
∂xi
− (ρi0 + y
γρiγ)
∂2L
∂xi∂yβ
+ (Cγ0β + y
µCγµβ)
∂L
∂yγ
)V˜α,
where (Wαβ) is the inverse matrix of (Wαβ).
3.3. The Legendre transformation and the equivalence between the Lagrangian and
Hamiltonian formalisms. Let L : A → R be a Lagrangian function and ΘL ∈ Γ((τ
τA
A˜
)∗) be
the Poincare´-Cartan 1-section associated with L. We introduce the extended Legendre transfor-
mation associated with L as the smooth map LegL : A→ A
+ defined by LegL(a)(b) = ΘL(a)(z),
for a, b ∈ Ax, where z is a point in the fibre of L
τAA˜ over the point a such that pr1(z) = iA(b),
pr1 : L
τAA˜→ A˜ being the restriction to LτAA˜ of the first canonical projection pr1 : A˜×TA→ A˜.
The map LegL is well-defined and its local expression in fibred coordinates on A and A
+ is
(3.23) LegL(x
i, yα) = (xi, L−
∂L
∂yα
yα,
∂L
∂yα
).
Thus, we can define the Legendre transformation associated with L, legL : A→ V
∗, by legL =
µ ◦ LegL. From (3.23) and since µ(x
i, y0, yα) = (x
i, yα), we have that
(3.24) legL(x
i, yα) = (xi,
∂L
∂yα
).
The maps LegL and legL induce the maps LLegL : L
τAA˜→ LτA+ A˜ and LlegL : L
τAA˜→ Lτ
∗
V A˜
defined by
(3.25) (LLegL)(b˜, Xa) = (b˜, (TaLegL)(Xa)), (LlegL)(b˜, Xa) = (b˜, (TalegL)(Xa)),
for a ∈ A and (b˜, Xa) ∈ (L
τAA˜)a.
Now, let {T˜0, T˜α, V˜α} (respectively, {e˜0, e˜α, e¯0, e¯α}) be a local basis of Γ(τ
τA
A˜
) as in Section 3.2
(respectively, of Γ(τ
τ
A+
A˜
) as in Section 2.1.1) and denote by (xi, yα; z0, zα, vα) (respectively,
(xi, y0, yα; z
0, zα, v0, vα)) the corresponding local coordinates on L
τAA˜ (respectively, LτA+ A˜).
In addition, suppose that (xi, yα; z
0, zα, vα) are local coordinates on L
τV ∗ A˜ as in Section 3.1.
Then, using (3.23), (3.24) and (3.25), we deduce that the local expression of the maps LLegL
and LlegL is
(3.26)
LLegL(x
i, yα; z0, zα, vα)=(xi, L−
∂L
∂yα
yα,
∂L
∂yα
; z0, zα, z0ρi0(
∂L
∂xi
−
∂2L
∂xi∂yα
yα)
+zαρiα(
∂L
∂xi
−
∂2L
∂xi∂yβ
yβ)− vα
∂2L
∂yα∂yβ
yβ , z0ρi0
∂2L
∂xi∂yα
+zβρiβ
∂2L
∂xi∂yα
+ vβ
∂2L
∂yα∂yβ
),
(3.27)
LlegL(x
i, yα; z0, zα, vα) = (xi,
∂L
∂yα
; z0, zα, z0ρi0
∂2L
∂xi∂yα
+ zβρiβ
∂2L
∂xi∂yα
+vβ
∂2L
∂yα∂yβ
).
Thus, using (2.3), (3.20), (3.25) and (3.26), we can prove the following result.
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Theorem 3.3. The pair (LLegL, LegL) is a morphism between the Lie algebroids (L
τAA˜,
[[·, ·]]τA
A˜
, ρτA
A˜
) and (LτA+ A˜, [[·, ·]]
τ
A+
A˜
, ρ
τ
A+
A˜
). Moreover, if ΘL and ΩL (respectively, λA˜ and ΩA˜)
are the Poincare´-Cartan 1-section and 2-section associated with L (respectively, the Liouville
1-section and the canonical symplectic section associated with A˜) then
(3.28) (LLegL, LegL)
∗(λA˜) = ΘL, (LLegL, LegL)
∗(ΩA˜) = ΩL.
From (3.24), it follows
Proposition 3.4. The Lagrangian L is regular if and only if the Legendre transformation
legL : A→ V
∗ is a local diffeomorphism.
Next, we will assume that L is hyperregular, that is, legL is a global diffeomorphism. Then, from
(3.25) and Theorem 3.3, we conclude that the pair (LlegL, legL) is a Lie algebroid isomorphism.
Moreover, we can consider the Hamiltonian section hL : V
∗ → A+ defined by
(3.29) hL = LegL ◦ leg
−1
L ,
the corresponding cosymplectic structure (ΩhL , η) on the Lie algebroid τ
τ∗V
A˜
: Lτ
∗
V A˜ → V ∗ and
the Hamiltonian section RhL ∈ Γ(τ
τ∗V
A˜
).
Using (3.1), (3.27), (3.28), (3.29) and Theorem 3.3, we deduce that
Theorem 3.5. If the Lagrangian L is hyperregular then the Euler-Lagrange section RL asso-
ciated with L and the Hamiltonian section RhL associated with hL satisfy the following relation
(3.30) RhL ◦ legL = LlegL ◦RL.
Moreover, if γ : I → A is a solution of the Euler-Lagrange equations associated with L, then
legL ◦ γ : I → V
∗ is a solution of the Hamilton equations associated with hL and, conversely,
if γ¯ : I → V ∗ is a solution of the Hamilton equations for hL then γ = leg
−1
L ◦ γ¯ is a solution of
the Euler-Lagrange equations for L.
Now, we will analyze the local expression of the transformation leg−1L : V
∗ → A. Suppose that
(3.31) leg−1L (x
i, yα) = (x
i, yα(xj , yβ))
and hL(x
i, yα) = (x
i,−HL(x
j , yβ), yα). Then, from (3.23) and (3.29), it follows that
HL(x
i, yα) = y
α(xj , yβ)yα − L(x
i, yα(xj , yβ)).
Thus, we obtain that
∂HL
∂yα
= yα +
∂yβ
∂yα
yβ −
∂L
∂yβ
∂yβ
∂yα
and, using (3.24) and (3.31), we deduce that
∂HL
∂yα
= yα. Therefore, we conclude that
(3.32) leg−1L (x
i, yα) = (x
i,
∂HL
∂yα
).
Note that, since leg−1L : V
∗ → A is a diffeomorphism, it follows that the matrix
( ∂2HL
∂yα∂yβ
)
is
regular.
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Next, we will introduce the notion of a hyperregular Hamiltonian section and we will prove that
given a hyperregular Hamiltonian section h : V ∗ → A+ then one may construct a hyperregular
Lagrangian function L : A→ R and hL = h.
Let h : V ∗ → A+ be a Hamiltonian section. If R is an arbitrary section of A, we may consider
the real C∞-function HR : V
∗ → R on V ∗ given by
(3.33) HR(α) = h(α)(R(τV ∗(α))), for α ∈ V
∗.
Using the function HR we may define the map (Fh)R : V
∗ → V as follows
α ∈ V ∗x , with x ∈M ⇒ (Fh)R(α) ∈ Vx
and
(3.34) β((Fh)R(α)) =
d
dt |t=0
HR(α+ tβ), for β ∈ V
∗
x .
Now, we introduce the map Fh : V ∗ → A given by
(3.35) (Fh)(α) = R(τV ∗(α)) + (Fh)R(α).
If the local expressions of h and R are
h(xi, yα) = (x
i,−H(xj , yβ), yα), R(x
i) = (xi,Rα(xi)),
then, from (3.33), (3.34) and (3.35), we obtain that
(3.36) HR(x
i, yα) = −H(x
i, yα) +R
α(xi)yα,
(3.37) (Fh)R(x
i, yα) = (xi,−
∂H
∂yα
(xj , yβ) +R
α(xi)),
(3.38) (Fh)(xi, yα) = (x
i,
∂H
∂yα
).
Thus, the map Fh doesn’t depend on the chosen section R.
The Hamiltonian section h is said to be regular if the map Fh : V ∗ → A is a local diffeor-
morphism or equivalently if the matrix
( ∂2H
∂yα∂yβ
)
is regular. h is said to be hyperregular if
Fh : V ∗ → A is a global diffeomorphism.
It is clear that if L : A → R is a hyperregular Lagrangian function and hL : V
∗ → A+ is the
Hamiltonian section associated with L then hL is hyperregular. In fact, from (3.32) and (3.38),
it follows that FhL is a diffeomorphism and FhL = leg
−1
L .
Now, we will prove that the converse is also true.
Theorem 3.6. If h : V ∗ → A+ is a hyperregular Hamiltonian section then there exists a
hyperregular Lagrangian function L : A→ R such that the Hamiltonian section associated with
L is just h. In other words, hL = h.
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Proof. We define the Lagrangian function L : A→ R by
L(a) = (Fh)−1(a)(a−R(τA(a))) +HR((Fh)
−1(a)), for a ∈ A.
The function L doesn’t depend on the chosen sectionR. In fact, if (Fh)−1(xi, yα) = (xi, yα(x
j , yβ))
then, using (3.36) and (3.38), we have that
(3.39) L(xi, yα) = yαyα(x
j , yβ)−H(xi, yα(x
j , yβ)).
Therefore, we deduce that
∂L
∂yα
= yα + y
β ∂yβ
∂yα
−
∂H
∂yβ
∂yβ
∂yα
and using that
∂H
∂yβ
= yβ (see (3.38)), it follows that
(3.40)
∂L
∂yα
= yα.
This implies that (see (3.24)) legL = (Fh)
−1 and consequently, from (3.23), (3.39), (3.40) and
since hL = LegL ◦ leg
−1
L , we conclude that hL = h. 
4. The canonical involution associated with a Lie affgebroid
Let (τA : A → M, τV : V → M) be a Lie affgebroid. Denote by ρV : V → TM the anchor
map of the Lie algebroid τV : V →M , by ([[·, ·]]A˜, ρA˜) the Lie algebroid structure on the bidual
bundle τA˜ : A˜→M to A and by 1A : A˜→ R the distinguished 1-cocycle on A˜.
We consider the subset J AA of the product manifold A× TA defined by
JAA = {(a, v) ∈ A× TA/ρA(a) = (TτA)(v)}.
Next, we will see that J AA admits two Lie affgebroid structures. We will also see that these Lie
affgebroid structures are isomorphic under the so-called canonical involution associated with A.
i) The first structure:
Let (LτAA˜, [[·, ·]]τA
A˜
, ρτA
A˜
) be the prolongation of the Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) over the fibration
τA : A→ M and φ0 : L
τAA˜→ R be the 1-cocycle of the Lie algebroid cohomology complex of
(LτAA˜, [[·, ·]]τA
A˜
, ρτA
A˜
) given by (3.17). Using (3.17) and the fact that (1A)|A˜x 6= 0, for all x ∈M ,
we deduce that (φ0)|(LτA A˜)a 6= 0, for all a ∈ A.
Moreover, we have that
(4.1) (φ0)
−1{1} = {(a˜, v) ∈ A˜× TA/ρA˜(a˜) = (TτA)(v), 1A(a˜) = 1} = J
AA.
In addition, if LτAV is the prolongation of the Lie algebroid (V, [[·, ·]]V , ρV ) over the fibration
τA : A→M then, it is easy to prove that
(4.2) (φ0)
−1{0} = LτAV.
We will denote by ([[·, ·]]τAV , ρ
τA
V ) the Lie algebroid structure on τ
τA
V : L
τAV → A.
From (4.1), we conclude that J AA is an affine bundle over A with affine bundle projection
ττAA : J
AA→ A defined by
ττAA (a, v) = πA(v),
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and, moreover, the affine bundle ττAA : J
AA → A admits a Lie affgebroid structure in such
a way that the bidual Lie algebroid to ττAA : J
AA → A is just (LτAA˜, [[·, ·]]τA
A˜
, ρτA
A˜
). Finally,
using (4.2), it follows that the Lie affgebroid ττAA : J
AA→ A is modelled on the Lie algebroid
(LτAV, [[·, ·]]τAV , ρ
τA
V ).
Remark 4.1. Let LτA˜A˜ be the prolongation of the Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) over the fibra-
tion τA˜ : A˜→M . Denote by (Id, T iA) : L
τAA˜→ LτA˜A˜ the inclusion defined by
(Id, T iA)(a˜, vb) = (a˜, (TbiA)(vb)),
for (a˜, vb) ∈ (L
τAA˜)b, with b ∈ A. Then, it is easy to prove that the pair ((Id, T iA), iA) is a Lie
algebroid morphism. Thus, (LτAA˜, [[·, ·]]τA
A˜
, ρτA
A˜
) is a Lie subalgebroid of (LτA˜A˜, [[·, ·]]
τ
A˜
A˜
, ρ
τ
A˜
A˜
).
♦
ii) The second structure:
As we know, the tangent bundle to A˜, T A˜, is a Lie algebroid over TM with vector bundle
projection TτA˜ : T A˜→ TM .
Now, we consider the subset d0(1A)
0 of T A˜ given by
(4.3) d0(1A)
0 = {v˜ ∈ T A˜/d0(1A)(v˜) = 0} = {v˜ ∈ T A˜/v˜(1A) = 0}.
d0(1A)
0 is the total space of a vector subbundle of TτA˜ : T A˜→ TM . More precisely, suppose
that X˜ ∈ Γ(τA˜) and denote by T X˜ : TM → T A˜ the tangent map to X˜ and by
ˆ˜X : TM → T A˜
the section of TτA˜ : T A˜ → TM defined by (2.6). Then, using (4.3), we deduce the following
facts:
i) If 1A(X˜) = c, with c ∈ R, we have that T X˜(TM) ⊆ d0(1A)
0 and, thus, T X˜ : TM →
d0(1A)
0 is a section of the vector bundle (TτA˜)|d0(1A)0 : d0(1A)
0 → TM .
ii) If 1A(X˜) = 0 it follows that
ˆ˜X(TM) ⊆ d0(1A)
0 and, therefore, ˆ˜X : TM → d0(1A)
0 is
a section of the vector bundle (TτA˜)|d0(1A)0 : d0(1A)
0 → TM .
In fact, if {e0, eα} is a local basis of Γ(τA˜) adapted to 1A, then {Te0, T eα, eˆα} is a local basis of
Γ((TτA˜)|d0(1A)0). Consequently, the canonical inclusion i : d0(1A)
0 → T A˜ is a monomorphism
(over the identity of TM) between the vector bundles (TτA˜)|d0(1A)0 : d0(1A)
0 → TM and
TτA˜ : T A˜ → TM . Moreover, using (2.7) and the fact that 1A : A˜ → R is a 1-cocycle of the
Lie algebroid (A˜, [[·, ·]]A˜, ρA˜), we deduce that the Lie bracket [[·, ·]]
T
A˜
on Γ(TτA˜) restricts to a Lie
bracket on the space Γ((TτA˜)|d0(1A)0). Therefore, we have proved the following result.
Proposition 4.2. The vector bundle (TτA˜)|d0(1A)0 : d0(1A)
0 → TM is a Lie algebroid and
the canonical inclusion i : d0(1A)
0 → T A˜ is a monomorphism between the Lie algebroids
(TτA˜)|d0(1A)0 : d0(1A)
0 → TM and TτA˜ : T A˜→ TM . Thus, (TτA˜)|d0(1A)0 : d0(1A)
0 → TM is
a Lie subalgebroid of TτA˜ : T A˜→ TM .
Next, we consider the pull-back of the vector bundle (TτA˜)|d0(1A)0 : d0(1A)
0 → TM over the
anchor map ρA : A→ TM , that is,
ρ∗A(d0(1A)
0) = {(a, v˜) ∈ A× d0(1A)
0/ρA(a) = (TτA˜)|d0(1A)0(v˜)}.
ρ∗A(d0(1A)
0) is a vector bundle over A with vector bundle projection
pr1 : ρ
∗
A(d0(1A)
0)→ A, (a, v˜) 7→ a.
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On the other hand, we will denote by (iA, i) : ρ
∗
A(d0(1A)
0) → ρ∗
A˜
(T A˜) the monomorphism
(over the canonical inclusion iA : A → A˜) between the vector bundles ρ
∗
A(d0(1A)
0) → A and
ρ∗
A˜
(T A˜)→ A˜ defined by
(iA, i)(a, v˜) = (iA(a), v˜), for (a, v˜) ∈ ρ
∗
A(d0(1A)
0).
We recall that the vector bundle ρ∗
A˜
(T A˜) → A˜ is an action Lie algebroid (see Section 2.1.2).
Furthermore, we have
Proposition 4.3. i) The vector bundle ρ∗A(d0(1A)
0)→ A is a Lie algebroid over A and the pair
((iA, i), iA) is a monomorphism between the Lie algebroids ρ
∗
A(d0(1A)
0)→ A and ρ∗
A˜
(T A˜)→ A˜.
ii) If πA˜ : T A˜ → A˜ is the canonical projection and ϕ0 : ρ
∗
A(d0(1A)
0) → R is the linear map
given by
(4.4) ϕ0(a, v˜) = 1A(πA˜(v˜)),
then ϕ0 is a 1-cocycle of the Lie algebroid ρ
∗
A(d0(1A)
0) → A and ϕ0|ρ∗
A
(d0(1A)0)a 6= 0, for all
a ∈ A.
Proof. i) Let X˜ be a section of τA˜ : A˜ → M and X˜
c (respectively, X˜v) be the complete lift
(respectively, the vertical lift) of X˜. If 1A(X˜) = c, with c ∈ R, it follows that X˜
c
|A(1A) = 0
and, thus, the restriction of X˜c to A is tangent to A. In addition, if 1A(X˜) = 0 we obtain that
X˜v|A(1A) = 0 and, therefore, the restriction of X˜
v to A is tangent to A.
Now, proceeding as in the proof of Theorem 4.4 in [10], we deduce that there exists a unique
action Ψ0 of the Lie algebroid (TτA˜)|d0(1A)0 : d0(1A)
0 → TM over the anchor map ρA : A→ TM
such that Ψ0(T X˜) = X˜
c
|A, for X˜ ∈ Γ(τA˜) with 1A(X˜) = c and c ∈ R, and Ψ0(
ˆ˜X) = X˜v|A, for
X˜ ∈ Γ(τA˜) such that 1A(X˜) = 0.
Note that if Ψ : Γ(TτA˜)→ X(A˜) is the usual action of the Lie algebroid TτA˜ : T A˜→ TM over
the anchor map ρA˜ : A˜ → TM (see Section 2.1.2) and if j : Γ((TτA˜)|d0(1A)0) → Γ(TτA˜) is the
canonical inclusion then
(Ψ(j(Z0))) ◦ iA = (T iA)(Ψ0(Z0)), for Z0 ∈ Γ((TτA˜)|d0(1A)0).
Consequently, the pair ((iA, i), iA) is a monomorphism between the Lie algebroids ρ
∗
A(d0(1A)
0)
→ A and ρ∗
A˜
(T A˜)→ A˜.
ii) Let {e0, eα} be a local basis of Γ(τA˜) adapted to 1A. Then,
{T ρAe0 = Te0 ◦ ρA, T
ρAeα = Teα ◦ ρA, eˆ
ρA
α = eˆα ◦ ρA}
is a local basis of sections of the vector bundle ρ∗A(d0(1A)
0) → A. Moreover, if (([[·, ·]]A˜)
T
Ψ0
,
(ρA˜)
T
Ψ0
) is the Lie algebroid structure on ρ∗A(d0(1A)
0)→ A, we have that
(4.5)
([[T ρAe0, T
ρAeα]]A˜)
T
Ψ0
= T [[e0, eα]]A˜ ◦ ρA,
([[T ρAeα, T
ρAeβ]]A˜)
T
Ψ0
= T [[eα, eβ ]]A˜ ◦ ρA,
([[T ρAe0, eˆ
ρA
α ]]A˜)
T
Ψ0
= ([[T ρAeα, eˆ
ρA
β ]]A˜)
T
Ψ0
= ([[eˆρAα , eˆ
ρA
β ]]A˜)
T
Ψ0
= 0,
and
(ρA˜)
T
Ψ0(T
ρAe0) = (e0)
c
|A, (ρA˜)
T
Ψ0(T
ρAeα) = (eα)
c
|A, (ρA˜)
T
Ψ0(eˆ
ρA
α ) = (eα)
v
|A.
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On the other hand, if X˜ ∈ Γ(τA˜) then, from (2.6) and (4.4),we obtain that
(4.6)
1A(X˜) = c ∈ R ⇒ ϕ0(T X˜ ◦ ρA) = c,
1A(X˜) = 0 ⇒ ϕ0(
ˆ˜X ◦ ρA) = 0.
Thus, using (4.5), (4.6) and the fact that 1A is a 1-cocycle of (A˜, [[·, ·]]A˜, ρA˜), we conclude that
ϕ0 is a 1-cocycle of the Lie algebroid ρ
∗
A(d0(1A)
0)→ A.

Now, from (4.4), it follows that
(4.7) ϕ−10 {1} = {(a, v) ∈ A× TA/ρA(a) = (TτA)(v)} = J
AA.
Therefore, we deduce that J AA is an affine bundle over A with affine bundle projection pr1 :
J AA→ A defined by pr1(a, v) = a and, moreover, the affine bundle pr1 : J
AA→ A admits a
Lie affgebroid structure in such a way that the bidual Lie algebroid to pr1 : J
AA → A is just
(ρ∗A(d0(1A)
0), ([[·, ·]]A˜)
T
Ψ0
, (ρA˜)
T
Ψ0
).
On the other hand, using (4.4), we obtain that
ϕ−10 {0} = {(a, u) ∈ A× TV/ρA(a) = (TτV )(u)} = ρ
∗
A(TV ).
Consequently, the affine bundle pr1 : J
AA → A is modelled on the vector bundle pr1 :
ρ∗A(TV ) → A. Furthermore, using (4.5), we deduce that the corresponding Lie algebroid
structure is induced by an action ΨV of the Lie algebroid (TV, [[·, ·]]
T
V , ρ
T
V ) over the anchor map
ρA : A→ TM . For this action, we have that
ΨV (T X¯) = (iV ◦ X¯)
c
|A, ΨV (
ˆ¯X) = (iV ◦ X¯)
v
|A, for X¯ ∈ Γ(τV ).
The canonical involution:
Let LτA˜A˜ be the prolongation of the Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) over the fibration τA˜ : A˜→M
and ρ∗
A˜
(T A˜) ≡ LτA˜A˜ be the pull-back of the Lie algebroid TτA˜ : T A˜ → TM over the anchor
map ρA˜ : A˜ → TM . If (a˜, v˜b˜) ∈ (L
τ
A˜A˜)b˜, with b˜ ∈ A˜x and x ∈ M , then there exists a unique
tangent vector u˜a˜ ∈ Ta˜A˜ such that:
(4.8) u˜a˜(f ◦ τA˜) = (d
A˜f)(x)(b˜), u˜a˜(θ) = v˜b˜(θ) + (d
A˜θ)(x)(b˜, a˜),
for f ∈ C∞(M) and θ : A˜ → R ∈ Γ(τA+) (see [10]). Thus, one may define the map σA˜ :
LτA˜A˜→ ρ∗
A˜
(T A˜) as follows
(4.9) σA˜(a˜, v˜b˜) = (b˜, u˜a˜), for (a˜, v˜b˜) ∈ (L
τ
A˜A˜)b˜.
σA˜ is an isomorphism (over the identity Id : A˜→ A˜) between the Lie algebroids (L
τ
A˜A˜, [[·, ·]]
τ
A˜
A˜
,
ρ
τ
A˜
A˜
) and (ρ∗
A˜
(T A˜), ([[·, ·]]A˜)
T
Ψ, (ρA˜)
T
Ψ) and, moreover, σ
2
A˜
= Id. σA˜ is called the canonical invo-
lution associated with the Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) (for more details, see [10]).
Theorem 4.4. The restriction of σA˜ to J
AA induces an isomorphism σA : J
AA → J AA
between the Lie affgebroids ττAA : J
AA→ A and pr1 : J
AA→ A and, moreover, σ2A = Id. The
corresponding Lie algebroid isomorphism σlA : L
τAV → ρ∗A(TV ) between the Lie algebroids τ
τA
V :
LτAV → A and pr1 : ρ
∗
A(TV )→ A is the restriction of σA˜ to L
τAV , that is, σlA = (σA˜)|LτAV .
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Proof. Suppose that b is a point of A and that (a˜, vb) ∈ (L
τAA˜)b ⊆ (L
τ
A˜A˜)iA(b). Then, from
(4.8) and (4.9), it follows that σA˜(a˜, vb) ∈ ρ
∗
A(d0(1A)
0)b.
Furthermore, if (b, u˜a˜) ∈ ρ
∗
A(d0(1A)
0)b ⊆ (L
τ
A˜A˜)iA(b) then, using again (4.8) and (4.9), we de-
duce that σA˜(b, u˜a˜) ∈ (L
τAA˜)b. Thus, since σA˜ is an involution, we conclude that the restriction
of σA˜ to the prolongation L
τAA˜ induces an isomorphism σ˜A : L
τAA˜ → ρ∗A(d0(1A)
0) (over the
identity Id : A→ A) between the vector bundles ττA
A˜
: LτAA˜→ A and pr1 : ρ
∗
A(d0(1A)
0)→ A.
On the other hand, as we know, LτAA˜ (respectively, ρ∗A(d0(1A)
0)) is a Lie subalgebroid of
LτA˜A˜ (respectively, ρ∗
A˜
(T A˜)). Therefore, using that σA˜ : L
τ
A˜A˜ → ρ∗
A˜
(T A˜) is a Lie algebroid
isomorphism, we obtain that σ˜A : L
τAA˜→ ρ∗A(d0(1A)
0) is also a Lie algebroid isomorphism.
Now, denote by φ0 (respectively, ϕ0) the 1-cocycle of the Lie algebroid τ
τA
A˜
: LτAA˜ → A (res-
pectively, pr1 : ρ
∗
A(d0(1A)
0) → A) given by (3.17) (respectively, (4.4)). From (3.17), (4.4),
(4.8) and (4.9), it follows that ϕ0 ◦ σ˜A = φ0. Consequently, using (4.1), (4.7), Proposition 2.2
and the fact that the bidual Lie algebroid to the Lie affgebroid ττAA : J
AA → A (respectively,
pr1 : J
AA→ A) is LτAA˜ (respectively, ρ∗A(d0(1A)
0)), we prove the result. 
Definition 4.5. The map σA : J
AA→ JAA is called the canonical involution associated with
the Lie affgebroid A.
Suppose that (xi) are local coordinates on an open subset U of M and that {e0, eα} is a local
basis of sections of τA˜ : A˜ → M in U adapted to 1A. Denote by (x
i, y0, yα) the correspon-
ding local coordinates on A˜ and by ρi0 and ρ
i
α the components of the anchor map ρA˜. Then,
{T˜0, T˜α, V˜0, V˜α} is a local basis of sections of τ
τ
A˜
A˜
: LτA˜A˜→ A˜, where
T˜0(a˜) = (e0(τA˜(a˜)), ρ
i
0
∂
∂xi |a˜
), T˜α(a˜) = (eα(τA˜(a˜)), ρ
i
α
∂
∂xi |a˜
),
V˜0(a˜) = (0,
∂
∂y0 |a˜
), V˜α(a˜) = (0,
∂
∂yα |a˜
).
This local basis induces a system of local coordinates (xi, y0, yα; z0, zα, v0, vα) on LτA˜A˜ ≡
ρ∗
A˜
(T A˜). The local expression of the canonical involution σA˜ : L
τ
A˜A˜ → ρ∗
A˜
(T A˜) in these
coordinates is (see [10])
σA˜(x
i, y0, yα; z0, zα, v0, vα) = (xi, z0, zα; y0, yα, v0, vα + Cα0γ(z
0yγ − zγy0) + Cαβγz
βyγ).
Here, Cα0γ and C
α
βγ are the structure functions of the Lie bracket [[·, ·]]A˜ with respect to the basis
{e0, eα}.
On the other hand, the local equations defining the affine subbundle J AA of LτA˜A˜ are y0 = 1,
z0 = 1, v0 = 0. Thus, (xi, yα; zα, vα) may be considered as local coordinates on JAA. Using
these coordinates, we deduce that the local expression of σA : J
AA→ J AA is
σA(x
i, yα; zα, vα) = (xi, zα; yα, vα + Cα0γ(y
γ − zγ) + Cαβγz
βyγ).
Finally, the local equations defining the vector subbundles LτAV and ρ∗A(TV ) of L
τ
A˜A˜ and
ρ∗
A˜
(T A˜), respectively, are y0 = 1, z0 = 0, v0 = 0 and z0 = 1, y0 = 0, v0 = 0. Therefore,
(xi, yα; zα, vα) may be considered as local coordinates on LτAV and ρ∗A(TV ). Using these
coordinates, we obtain that the local expression of σlA : L
τAV → ρ∗A(TV ) is
(4.10) σlA(x
i, yα; zα, vα) = (xi, zα; yα, vα − Cα0γz
γ + Cαβγz
βyγ).
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5. Tulczyjew’s triple associated with a Lie affgebroid and a Hamiltonian
section
Let τA : A → M be a Lie affgebroid modelled on the Lie algebroid τV : V → M . Denote
by ([[·, ·]]V , D, ρA) the Lie affgebroid structure on A, by ρ
∗
A(TV ) (respectively, ρ
∗
A(TV
∗)) the
pull-back of the vector bundle TτV : TV → TM (respectively, Tτ
∗
V : TV
∗ → TM) over the
anchor map ρA : A → TM and by L
τ∗V A˜ (respectively, LτAV and Lτ
∗
V V ) the prolongation of
the Lie algebroid τA˜ : A˜ → M (respectively, τV : V → M) over the projection τ
∗
V : V
∗ → M
(respectively, τA : A→M and τ
∗
V : V
∗ →M).
Suppose that (xi) are local coordinates on an open subset U of M and that {e0, eα} is a local
basis of Γ(τA˜) adapted to 1A. Denote by (x
i, y0, yα) (respectively, (xi, yα)) the corresponding
local coordinates on A˜ (respectively, V and A). Then, we may consider local coordinates
(xi, yα; zα, vα) of ρ∗A(TV ) and L
τAV as in Section 4 and the corresponding dual coordinates
(xi, yα; zα, vα) of (L
τAV )∗.
Now, let (xi, yα; z
0, zα, vα) be local coordinates on L
τ∗V A˜ ≡ ρ∗
A˜
(TV ∗) as in Section 3.1. Then,
the local equations defining the affine subbundle ρ∗A(TV
∗)→ V ∗ of Lτ
∗
V A˜→ V ∗ and the vector
subbundle Lτ
∗
V V → V ∗ of Lτ
∗
V A˜→ V ∗ are z0 = 1 and z0 = 0, respectively. Thus, (xi, yα; z
α, vα)
may be considered as a system of local coordinates on ρ∗A(TV
∗) and Lτ
∗
V V .
Next, we will introduce the so-called Tulczyjew’s triple associated with the Lie affgebroid A
and a Hamiltonian section.
For this purpose, we will proceed in two steps.
First step: In this first step, we will introduce a canonical isomorphism AA : ρ
∗
A(TV
∗) →
(LτAV )∗, over the identity of A, between the vector bundles ρ∗A(TV
∗)→ A and (LτAV )∗ → A.
Let 〈·, ·〉 : V ×M V
∗ → R be the natural pairing given by
〈u, α〉 = α(u), for (u, α) ∈ Vx × V
∗
x ,
with x ∈M . If b ∈ A, (b,Xu) ∈ ρ
∗
A(TV )b and (b,Xα) ∈ ρ
∗
A(TV
∗)b then
(Xu, Xα) ∈ T(u,α)(V ×M V
∗) = {(X ′u, X
′
α) ∈ TuV × TαV
∗/(TuτV )(X
′
u) = (Tατ
∗
V )(X
′
α)}
and we may consider the map T˜ 〈·, ·〉 : ρ∗A(TV )×A ρ
∗
A(TV
∗)→ R defined by
T˜ 〈·, ·〉((b,Xu), (b,Xα)) = dt〈u,α〉((T(u,α)〈·, ·〉)(Xu, Xα)),
where t is the usual coordinate on R. The local expression of the map T˜ 〈·, ·〉 is
T˜ 〈·, ·〉((xi, yα; zα, vα), (xi, yα; z
α, vα)) = y
αvα + v
αyα.
Thus, T˜ 〈·, ·〉 is also a non-singular pairing and it induces an isomorphism (over the identity
of A) between the vector bundles ρ∗A(TV ) → A and ρ
∗
A(TV
∗)∗ → A which we also denote by
T˜ 〈·, ·〉, that is, T˜ 〈·, ·〉 : ρ∗A(TV )→ ρ
∗
A(TV
∗)∗. Note that
(5.1) T˜ 〈·, ·〉(xi, yα; zα, vα) = (xi, vα; zα, yα).
Next, we consider the isomorphism of vector bundles A∗A : L
τAV → ρ∗A(TV
∗)∗ given by
(5.2) A∗A = T˜ 〈·, ·〉 ◦ σ
l
A,
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σlA : L
τAV → ρ∗A(TV ) being the linear part of the canonical involution associated with the Lie
affgebroid A (see Section 4). Then, the isomorphism AA : ρ
∗
A(TV
∗)→ (LτAV )∗ is just the dual
map to A∗A : L
τAV → ρ∗A(TV
∗)∗.
From (4.10), (5.1) and (5.2), it follows that
A∗A(x
i, yα; zα, vα) = (xi, vγ − Cγ0βz
β + Cγαβz
αyβ ; yγ , zγ),
and therefore
(5.3) AA(x
i, yα; z
α, vα) = (x
i, zγ ; vγ − C
β
0γyβ − C
β
αγz
αyβ, yγ).
Second step: Let τA+ : A
+ → M be the dual vector bundle to the affine bundle τA : A → M ,
µ : A+ → V ∗ be the canonical projection and h : V ∗ → A+ be a Hamiltonian section, that is,
h is a section of µ : A+ → V ∗.
Denote by (Ωh, η) the cosymplectic structure on L
τ∗V A˜ given by (3.1) and (3.2). Then, a direct
computation, using (3.2), proves that
η−1{1} = ρ∗A(TV
∗) and η−1{0} = Lτ
∗
V V.
Thus, ρ∗A(TV
∗) is an affine bundle over V ∗ with affine bundle projection π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗
defined by π˜V ∗(a,X) = πV ∗(X) and, furthermore, this affine bundle admits a Lie affgebroid
structure in such a way that the bidual Lie algebroid is τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗. In addition, the Lie
affgebroid π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗ is modelled on the Lie algebroid τ
τ∗V
V : L
τ∗V V → V ∗.
In this step, we will introduce an affine isomorphism ♭Ωh : ρ
∗
A(TV
∗) → (Lτ
∗
V V )∗, over the
identity of V ∗, between the affine bundle π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗ and the vector bundle (τ
τ∗V
V )
∗ :
(Lτ
∗
V V )∗ → V ∗.
The map ♭Ωh is defined as follows. If α ∈ V
∗ and (a,Xα) ∈ ρ
∗
A(TV
∗)α then
(5.4) {♭Ωh(α)(a,Xα)}(u, Yα) = Ωh(α)((iA(a), Xα), (iV (u), Yα)),
for (u, Yα) ∈ (L
τ∗V V )α.
On the other hand, let ♭ΩV : L
τ∗V V → (Lτ
∗
V V )∗ be the canonical isomorphism over the identity
of V ∗ induced by the canonical symplectic section ΩV associated with the Lie algebroid τV :
V →M , that is,
(5.5) {♭ΩV (α)(u, Yα)}(v, Zα) = ΩV (α)((u, Yα), (v, Zα)),
for (u, Yα), (v, Zα) ∈ (L
τ∗V V )α, with α ∈ V
∗. Then, using (3.5), (5.4) and (5.5), it follows that
♭Ωh is an affine isomorphism over the identity of V
∗ and the corresponding linear isomorphism
between the vector bundles τ
τ∗V
V : L
τ∗V V → V ∗ and (τ
τ∗V
V )
∗ : (Lτ
∗
V V )∗ → V ∗ is just the map ♭ΩV .
In conclusion, we have the following commutative diagram
A
✑
✑
✑
✑
✑
✑✰
✑
✑
✑
✑
✑
✑✰
V ∗
(ττAV )
∗ π˜V ∗ (τ
τ∗V
V )
∗
◗
◗
◗
◗
◗
◗s
pr1
◗
◗
◗
◗
◗
◗s
(LτAV )∗
AA ♭Ωh✛ ρ∗A(TV
∗) ✲ (Lτ
∗
V V )∗
LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 25
This diagram will be called Tulczyjew’s triple associated with the Lie affgebroid A and the
Hamiltonian section h : V ∗ → A+.
6. The prolongation of a symplectic Lie affgebroid
Let τA : A → M be a Lie affgebroid modelled on the Lie algebroid τV : V → M. Denote by
([[·, ·]]A˜, ρA˜) the Lie algebroid structure on the bidual bundle τA˜ : A˜→M to A.
If f ∈ C∞(M) one may define the complete and vertical lift f c and fv of f to A as the function
on A given by
(6.1) f c(a) = ρA(a)(f), f
v(a) = f(τA(a)), for a ∈ A.
A direct computation proves that
(6.2) (fg)c = f cgv + fvgc, (fg)v = fvgv, for f, g ∈ C∞(M).
Now, if X˜ is a section of τA˜ : A˜→ M , we may consider the vertical and complete lift X˜
v and
X˜c of X˜ as the vector fields on A˜ defined in Section 2.1.2. Using these constructions, we may
introduce the sections X˜v and X˜c of the prolongation τ
τ
A˜
A˜
: LτA˜A˜→ A˜ given by
(6.3) X˜v(a˜) = (0(τA˜(a˜)), X˜
v(a˜)), X˜c(a˜) = (X˜(τA˜(a˜)), X˜
c(a˜)),
for a˜ ∈ A˜. If {e0, eα} is a local basis of Γ(τA˜) adapted to 1A : A˜→ R, then {e
c
0, e
c
α, e
v
0 , e
v
α} is a
local basis of Γ(τ
τ
A˜
A˜
) (see [10, 12]).
Next, denote by iA : A→ A˜, iV : V → A˜ the canonical inclusions and by τ
τA
V : L
τAV → A the
prolongation of the Lie algebroid τV : V →M over the projection τA : A→M .
If X is a section of τV : V → M then iV ◦X ∈ Γ(τA˜) and we have that the restriction to A of
the vector fields (iV ◦X)
v and (iV ◦X)
c are tangent to A. Thus,
(6.4) Xv = (iV ◦X)
v
|A ∈ Γ(τ
τA
V ), X
c = (iV ◦X)
c
|A ∈ Γ(τ
τA
V ).
Moreover, using the properties of the complete and vertical lifts (see [10, 12]), we deduce that
(6.5)
(fX)c = f cXv + fvXc, (fX)v = fvXv,
[[Xc, Y c]]τAV = [[X,Y ]]
c
V , [[X
c, Y v]]τAV = [[X,Y ]]
v
V , [[X
v, Y v]]τAV = 0,
ρτAV (X
c) = (iV ◦X)
c
|A, ρ
τA
V (X
v) = (iV ◦X)
v
|A,
for f ∈ C∞(M) and X,Y ∈ Γ(τV ), where ([[·, ·]]V , ρV ) and ([[·, ·]]
τA
V , ρ
τA
V ) are the Lie algebroids
structures on V and LτAV , respectively. In addition, if {eα} is a local basis of Γ(τV ) then
{ecα, e
v
α} is a local basis of Γ(τ
τV
A ) (for more details, see [16]).
On the other hand, if pr1 : V × TA → V is the canonical projection on the first factor
then the pair (pr1|LτAV , τA) is a morphism between the Lie algebroids (L
τAV, [[·, ·]]τAV , ρ
τA
V ) and
(V, [[·, ·]]V , ρV ). Thus, if α ∈ Γ(∧
kτ∗V ) we may consider the section α
v of the vector bundle
∧k(LτAV )∗ → A defined by
(6.6) αv = (pr1|LτAV , τA)
∗(α).
αv is called the vertical lift to LτAV of α and it is clear that
(6.7) dL
τAV αv = (dV α)v.
Furthermore, we have that (α1 ∧ · · · ∧ αk)
v = αv1 ∧ · · · ∧ α
v
k , for αi ∈ Γ(∧
kiV ∗).
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Now, we define the complete lift of α as follows.
Proposition 6.1. If α is a section of the vector bundle ∧kV ∗ →M , then there exists a unique
section αc of the vector bundle ∧k(LτAV )∗ → A such that
αc(Xc1 , . . . , X
c
k) = α(X1, . . . , Xk)
c,
αc(Xv1 , X
c
2 , . . . , X
c
k) = α(X1, X2, . . . , Xk)
v,
αc(Xv1 , . . . , X
v
s , X
c
s+1, . . . , X
c
k) = 0, if 2 ≤ s ≤ k,
for X1, . . . , Xk ∈ Γ(τV ). Moreover, d
LτAV αc = (dV α)c.
Proof. Using (6.2), (6.5), (6.6), (6.7) and proceeding as in the proof of Proposition 6.3 in [10],
we deduce the result. 
The section αc of the vector bundle ∧k(LτAV )∗ → A is called the complete lift of α.
Remark 6.2. i) If {eα} is a basis of Γ(τV ) and {e
α} is the dual basis to {eα} then
(eα)c((eβ)
v) = (eα)v((eβ)
c) = δαβ , (e
α)c((eβ)
c) = (eα)v((eβ)
v) = 0.
Therefore, {(eα)v, (eα)c} is the dual basis to the local basis {(eα)
c, (eα)
v} of Γ(ττAV ).
ii) If αi ∈ Γ(∧
kiτ∗V ), i = 1, . . . , k, then
(6.8) (α1 ∧ · · · ∧ αk)
c =
k∑
i=1
αv1 ∧ · · · ∧ α
c
i ∧ · · · ∧ α
v
k .
♦
Next, we will introduce the notion of a symplectic Lie affgebroid.
Definition 6.3. A Lie affgebroid τA : A → M modelled on the Lie algebroid τV : V → M is
said to be symplectic if τV : V → M admits a symplectic section Ω, that is, Ω is a section of
the vector bundle ∧2V ∗ →M such that:
(i) For all x ∈M , the 2-form Ω(x) : Vx×Vx → R on the vector space Vx is non-degenerate
and
(ii) Ω is a 2-cocycle, i.e., dV Ω = 0.
Examples 6.4. (i) Let τ :M → R be a fibration. Then, as we know (see Section 2.2), the 1-jet
bundle τ1,0 : J
1τ → M is a Lie affgebroid modelled on the Lie algebroid (πM )|V τ : V τ → M .
Now, suppose that M has odd dimension 2n+ 1 and that (Ω, η) is a cosymplectic structure on
M , with η = τ∗(dt), t being the usual coordinate on R. This means that Ω is a closed 2-form
and that η∧Ωn = η∧Ω∧ . . .(n · · · ∧Ω is a volume element on M . Thus, it is easy to prove that
the restriction to V τ of Ω is a symplectic section of (πM )|V τ : V τ →M and, therefore, the Lie
affgebroid τ1,0 : J
1τ →M is symplectic.
(ii) Let τA : A → M be a Lie affgebroid modelled on the Lie algebroid τV : V → M . Denote
by ρ∗A(TV
∗) the pull-back of the vector bundle Tτ∗V : TV
∗ → TM over the anchor map
ρA : A → TM . Then, ρ
∗
A(TV
∗) is a Lie affgebroid over V ∗ with affine bundle projection
π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ given by π˜V ∗(a,X) = πV ∗(X), for (a,X) ∈ ρ
∗
A(TV
∗) (see Section 5).
Moreover, the Lie affgebroid π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ is modelled on the Lie algebroid τ
τ∗V
V :
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Lτ
∗
V V → V ∗ which admits a canonical symplectic section ΩV (see Section 2.1.1). Therefore,
the Lie affgebroid π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗ is symplectic. △
Now, we will see that the prolongation of a symplectic Lie affgebroid over the affine bundle
projection is also a symplectic Lie affgebroid. We recall that if τA : A→M is a Lie affgebroid
modelled on the Lie algebroid τV : V →M then the prolongation
JAA = {(a, v) ∈ A× TA/ρA(a) = (TτA)(v)}
is a Lie affgebroid modelled on the Lie algebroid ττAV : L
τAV → A (see Section 4). Furthermore,
we have that
Theorem 6.5. Let τA : A → M be a symplectic Lie affgebroid modelled on the Lie algebroid
τV : V → M and Ω be a symplectic section of τV : V → M . Then, the prolongation J
AA
of the Lie affgebroid A over the projection τA : A → M is a symplectic Lie affgebroid and the
complete lift Ωc of Ω to the prolongation LτAV is a symplectic section of ττAV : L
τAV → A.
Proof. Using (6.8) and proceeding as in the proof of the Theorem 6.5 in [10], we deduce the
result. 
Example 6.6. Let τA : A→M be a Lie affgebroid modelled on the Lie algebroid τV : V →M .
Then, as we know, the pull-back π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗ of the vector bundle Tτ∗V : TV
∗ → TM
over the anchor map ρA : A→ TM is a Lie affgebroid modelled on the symplectic Lie algebroid
τ
τ∗V
V : L
τ∗V V → V ∗.
Now, suppose that (xi) are local coordinates onM and that {eα} is a local basis of Γ(τV ). Then,
we may consider the corresponding local coordinates (xi, yα) of V
∗ and the corresponding
local basis {e˜α, e¯α} of Γ(τ
τ∗V
V ) (see Section 2.1.1). This local basis induces a system of local
coordinates (xi, yα; z
α, vα) on L
τ∗V V . Moreover, if Lπ˜V ∗ (Lτ
∗
V V ) is the prolongation of Lτ
∗
V V
over the projection π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ then {e˜cα, e¯
c
α, e˜
v
α, e¯
v
α} is a local basis of Γ((τ
τ∗V
V )
π˜V ∗ )
and if {e˜α, e¯α} is the dual basis to {e˜α, e¯α} then
{(e˜α)v, (e¯α)v, (e˜α)c, (e¯α)c}
is the dual basis of {e˜cα, e¯
c
α, e˜
v
α, e¯
v
α}. Note that if ρ
i
α, C
γ
0α and C
γ
αβ are the structure functions of
the Lie algebroid (A˜, [[·, ·]]A˜, ρA˜) with respect to the coordinates (x
i) and to the basis {e0, eα}
then, from (2.2), (6.3) and (6.4), we deduce that
(6.9)
e˜cα(x
i, yγ ; z
γ , vγ) = (e˜α(x
j , yβ), ρ
i
α(x
j)
∂
∂xi
− (Cγ0α(x
j)− Cγαβ(x
j)zβ)
∂
∂zγ
),
e¯cα(x
i, yγ ; z
γ , vγ) = (e¯α(x
j , yβ),
∂
∂yα
),
e˜vα(x
i, yγ ; z
γ , vγ) = (0,
∂
∂zα
), e¯vα(x
i, yγ ; z
γ , vγ) = (0,
∂
∂vα
).
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In addition, using (2.3) and (6.8), we deduce that the local expression of the complete lifts λcV
and ΩcV are
(6.10)
λcV (x
i, yα; z
α, vα) = vα(e˜
α)v + yα(e˜
α)c,
ΩcV (x
i, yα; z
α, vα) = (e˜
α)c ∧ (e¯α)v + (e˜α)v ∧ (e¯α)c + Cγαβyγ(e˜
α)c ∧ (e˜β)v
+
1
2
((ρi0 + ρ
i
µz
µ)
∂Cγαβ
∂xi
yγ + C
γ
αβvγ)(e˜
α)v ∧ (e˜β)v.
△
7. Lagrangian Lie subaffgebroids in symplectic Lie affgebroids
First of all, we will introduce the notion of a Lie subaffgebroid of a Lie affgebroid.
Definition 7.1. Let τA : A→M be a Lie affgebroid modelled on the Lie algebroid τV : V →M .
A Lie subaffgebroid of A is a Lie affgebroid morphism ((j : A′ → A, i : M ′ → M), (jl : V ′ →
V, i :M ′ →M)) such that i is an injective inmersion and j : A′ → A is also injective.
Examples 7.2. Let τA : A→M be a Lie affgebroid modelled on the Lie algebroid τV : V →M.
i) Denote by ([[·, ·]]A˜, ρA˜) the Lie algebroid structure on the bidual bundle τA˜ : A˜ → M to A.
Now, suppose thatX is a section of τA : A→M and consider the map (Id, TX◦ρA˜) : A˜→ L
τAA˜
given by
(Id, TX ◦ ρA˜)(a˜) = (a˜, (TX)(ρA˜(a˜))), for a˜ ∈ A˜.
Using the definition of the anchor map of the Lie algebroid ττA
A˜
: LτAA˜→ A and the fact that
ρA˜ : Γ(τA˜) → X(M) is a Lie algebra morphism, we deduce that the pair ((Id, TX ◦ ρA˜), X) is
a Lie algebroid morphism. Moreover, it follows that ((Id, TX ◦ ρA˜), X)
∗(φ0) = 1A, where φ0 is
the 1-cocycle on ττA
A˜
: LτAA˜→ A defined by (3.17). Thus, the pair ((Id, TX ◦ ρA˜), X) defines
a Lie subaffgebroid of (ττAA : J
AA→ A, ττAV : L
τAV → A)
M
X
✲ A
τA
❄
ττAA
❄
A
(Id, TX ◦ ρA) ✲ J AA
M
X
✲ A
τV
❄
ττAV
❄
V
(Id, TX ◦ ρV )✲ LτAV
ii) Denote by ρ∗A(TV
∗) the pull-back of the vector bundle Tτ∗V : TV
∗ → TM over the an-
chor map ρA : A → TM . ρ
∗
A(TV
∗) is a vector bundle over A with vector bundle projec-
tion pr1|ρ∗A(TV ∗) : ρ
∗
A(TV
∗) → A defined by pr1|ρ∗A(TV ∗)(a, Y ) = a, for (a, Y ) ∈ ρ
∗
A(TV
∗).
Now, suppose that X˜ : A → ρ∗A(TV
∗) is a section of pr1|ρ∗
A
(TV ∗) : ρ
∗
A(TV
∗) → A and let
Lτ
∗
V A˜ be the prolongation of the Lie algebroid τA˜ : A˜ → M over the map τ
∗
V : V
∗ → M
and π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ be the canonical projection. Then, we may consider the map
(Id, T (π˜V ∗ ◦ X˜)) : L
τAA˜→ Lτ
∗
V A˜ given by
(Id, T (π˜V ∗ ◦ X˜))(a˜, Y ) = (a˜, T (π˜V ∗ ◦ X˜)(Y )), for (a˜, Y ) ∈ L
τAA˜.
It is easy to prove that the pair ((Id, T (π˜V ∗ ◦ X˜)), π˜V ∗ ◦ X˜)
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A
π˜V ∗ ◦ X˜ ✲ V ∗
ττA
A˜
❄
τ
τ∗V
A˜
❄
LτAA˜
(Id, T (π˜V ∗ ◦ X˜))✲ Lτ
∗
V A˜
is a Lie algebroid morphism.
Next, denote by Lπ˜V ∗ (Lτ
∗
V A˜) the prolongation of the Lie algebroid τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗ over the
projection π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ and by ((Id, T (π˜V ∗ ◦ X˜)), T X˜) : L
τAA˜ → Lπ˜V ∗ (Lτ
∗
V A˜) the
map given by
((Id, T (π˜V ∗ ◦ X˜)), T X˜)(a˜, Y ) = ((a˜, T (π˜V ∗ ◦ X˜))(Y ), (T X˜)(Y )),
for (a˜, Y ) ∈ LτAA˜. Then, using the above facts, we conclude that
A
X˜
✲ ρ∗A(TV
∗)
ττA
A˜
❄
(τ
τ∗V
A˜
)π˜V ∗
❄
LτAA˜
((Id, T (π˜V ∗ ◦ X˜)), T X˜) ✲ Lπ˜V ∗ (Lτ
∗
V A˜) ⊆ Lτ
∗
V A˜× T (ρ∗A(TV
∗))
is a Lie algebroid morphism.
On the other hand, as we know (see Section 5), the affine bundle π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ is a
Lie affgebroid and the bidual bundle to π˜V ∗ : ρ
∗
A(TV
∗) → V ∗ may be identified with the Lie
algebroid τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗. Therefore, one may consider the 1-cocycle φ˜0 : L
π˜V ∗ (Lτ
∗
V A˜)→ R
of Lπ˜V ∗ (Lτ
∗
V A˜)→ ρ∗A(TV
∗) given by φ˜0((a˜, Y ), Z) = 1A(a˜), for ((a˜, Y ), Z) ∈ L
π˜V ∗ (Lτ
∗
V A˜) (see
(3.17)). Moreover, it follows that
(((Id, T (π˜V ∗ ◦ X˜)), T X˜), X˜)
∗(φ˜0) = φ0,
where φ0 : L
τAA˜→ R is the 1-cocycle of ττA
A˜
: LτAA˜→ A defined by (3.17). Note that
φ˜−10 {1} = J
ρ∗A(TV
∗)ρ∗A(TV
∗), φ˜−10 {0} = L
π˜V ∗ (Lτ
∗
V V ),
φ−10 {1} = J
AA, φ−10 {0} = L
τAV.
Consequently, the pair (((Id, T (π˜V ∗ ◦ X˜)), T X˜), X˜) defines a Lie subaffgebroid of the Lie affge-
broid ((π˜V ∗)
π˜V ∗ : J ρ
∗
A(TV
∗)ρ∗A(TV
∗)→ ρ∗A(TV
∗), (τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V )→ ρ∗A(TV
∗))
A
X˜
✲ ρ∗A(TV
∗)
ττAA
❄
(π˜V ∗)
π˜V ∗
❄
J AA
((Id, T (π˜V ∗ ◦ X˜)), T X˜) ✲ J ρ
∗
A(TV
∗)ρ∗A(TV
∗)
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A
X˜
✲ ρ∗A(TV
∗)
ττAV
❄
(τ
τ∗V
V )
π˜V ∗
❄
LτAV
((Id, T (π˜V ∗ ◦ X˜)), T X˜) ✲ Lπ˜V ∗ (Lτ
∗
V V )
△
Next, we will introduce the notion of a Lagrangian Lie subaffgebroid of a symplectic Lie affge-
broid.
Definition 7.3. Let τA : A→ M be a symplectic Lie affgebroid modelled on the Lie algebroid
τV : V →M with symplectic section Ω and
M ′
i
✲ M
τA′
❄
τA
❄
A′
j
✲ A
M ′
i
✲ M
τV ′
❄
τV
❄
V ′
jl
✲ V
be a Lie subaffgebroid. Then, the Lie subaffgebroid is said to be Lagrangian if jl(V ′x′) is a
Lagrangian subspace of the symplectic vector space (Vi(x′),Ωi(x′)), for all x
′ ∈ M ′. In other
words, we have that: (i) rank V ′ =
1
2
rank V and (ii) (Ωi(x′))|jl(V ′
x′
)×jl(V ′
x′
) = 0, for all
x′ ∈M ′.
Now, let τA : A→M be a symplectic Lie affgebroid modelled on the Lie algebroid τV : V →M
with symplectic section Ω. Then, as we know (see Theorem 6.5), the Lie affgebroid (ττAA :
J AA→ A, ττAV : L
τAV → A) is symplectic and the complete lift Ωc of Ω is a symplectic section
of ττAV : L
τAV → A.
Denote by ([[·, ·]]V , D, ρA) the Lie affgebroid structure of A and suppose that X : M → A
is a section of τA : A → M . The section X allows us to define the Lie subaffgebroid of
(ττAA : J
AA → A, ττAV : L
τAV → A) considered in Examples 7.2 i) and, in addition, we will
obtain a necessary and sufficient condition for such a Lie subaffgebroid to be Lagrangian.
For this purpose, we will introduce the operator DX : Γ(∧
kτ∗V ) → Γ(∧
kτ∗V ) defined as follows.
If α ∈ Γ(∧kτ∗V ) then
(7.1) (DXα)(X1, . . . , Xk) = ρA(X)(α(X1, . . . , Xk))−
k∑
i=1
α(X1, . . . , DXXi, . . . , Xk)
for X1, . . . , Xk ∈ Γ(τV ). Note that
DX(fXi) = ρA(X)(f)Xi + fDXXi, for f ∈ C
∞(M),
and, thus, DXα ∈ Γ(∧
kV ∗).
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Remark 7.4. The canonical inclusion iV : V → A˜ is a Lie algebroid monomorphism over the
identity of M (see (2.9)) and, moreover, one may choose α˜ ∈ Γ(∧kτA+) such that α = i
∗
V α˜.
Then, from (2.9) and (7.1), we deduce that
(7.2) DXα = i
∗
V (L
A˜
(iA◦X)
α˜),
where iA : A→ A˜ is the canonical inclusion and L
A˜
(iA◦X)
is the Lie derivative in the Lie algebroid
τA˜ : A˜→M with respect to the section iA ◦X :M → A˜. ♦
Using the operator DX , we have that
Proposition 7.5. Let (τA : A→M, τV : V →M) be a symplectic Lie affgebroid with symplectic
section Ω and X : M → A be a section of A. Then, the Lie subaffgebroid of (ττAA : J
AA→ A,
ττAV : L
τAV → A) considered in Examples 7.2 i) is Lagrangian if and only if DXΩ = 0.
Proof. Let Y be a section of τV : V →M and denote by X˜ and Y˜ the sections of τA˜ : A˜→M
given by X˜ = iA ◦ X and Y˜ = iV ◦ Y. Then, using some results in [10] (see Examples 7.5 in
[10]), we obtain that
(T X˜)(ρA˜(Y˜ )) = (Y˜
c − [[X˜, Y˜ ]]v
A˜
) ◦ X˜,
where Y˜ c ∈ X(A˜) and [[X˜, Y˜ ]]v
A˜
∈ X(A˜) are the complete and vertical lift of Y˜ ∈ Γ(τA˜) and
[[X˜, Y˜ ]]A˜ ∈ Γ(τA˜), respectively. Since the restriction to A of Y˜
c and [[X˜, Y˜ ]]v
A˜
are tangent to A
and ρA˜(Y˜ ) = ρV (Y ), it follows that TX(ρV (Y )) = ((Y˜
c)|A− ([[X˜, Y˜ ]]
v
A˜
)|A) ◦X, and thus, using
(6.3) and (6.4), we deduce that
(Id, TX ◦ ρV ) ◦ Y = (Y
c − (DXY )
v) ◦X,
where Y c ∈ Γ(ττAV ) and (DXY )
v ∈ Γ(ττAV ) are the complete and vertical lift of Y ∈ Γ(τV ) and
DXY ∈ Γ(τV ) (see Section 6).
On the other hand, if Y, Z ∈ Γ(τV ) then, from Proposition 6.1, we have that
Ωc(Y c − (DXY )
v, Zc − (DXZ)
v) = Ω(Y, Z)c − Ω(DXY, Z)
v − Ω(Y,DXZ)
v.
Therefore, using (6.1), it follows that
Ωc(Y c − (DXY )
v, Zc − (DXZ)
v) ◦X = ρA(X)(Ω(Y, Z))− Ω(DXY, Z)− Ω(Y,DXZ)
= (DXΩ)(Y, Z)
and Ωc(Y c − (DXY )
v, Zc − (DXZ)
v) ◦X = 0, for all Y, Z ∈ Γ(τV ), if and only if DXΩ = 0.
Consequently, taking into account that the rank of V is
1
2
rank(LτAV ), we deduce the result. 
In the particular case when the symplectic section Ω is a 1-coboundary, we obtain the following
corollary.
Corollary 7.6. Let (τA : A→M, τV : V →M) be a symplectic Lie affgebroid with symplectic
section Ω = −dV λ, λ being a section of the vector bundle τ∗V : V
∗ → M and suppose that
X :M → A is a section of τA : A→M . Then, the Lie subaffgebroid of (τ
τA
A : J
AA→ A, ττAV :
LτAV → A) considered in Examples 7.2 i) is Lagrangian if and only if the section DXλ of
τ∗V : V
∗ →M is a 1-cocycle of τV : V →M .
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Proof. If α ∈ Γ(∧kτ∗V ) then, from Remark 7.4 and since iV : V → A˜ is a Lie algebroid morphism,
it follows thatDX(d
V α) = dV (DXα). In particular, this implies thatDXΩ = −d
V (DXλ). Thus,
using this fact and Proposition 7.5, we deduce the result. 
Let τA : A→M be a Lie affgebroid modelled on the Lie algebroid τV : V →M and ρ
∗
A(TV
∗) be
the pull-back of the vector bundle Tτ∗V : TV
∗ → TM over the anchor map ρA : A→ TM . Then,
ρ∗A(TV
∗) is a Lie affgebroid over V ∗ modelled on the vector bundle τ
τ∗V
V : L
τ∗V V → V ∗ and with
affine bundle projection π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗. Denote by ΩV the canonical symplectic section
of Lτ
∗
V V . As we know (see Example 6.6), the Lie affgebroid (π˜V ∗)
π˜V ∗ : J ρ
∗
A(TV
∗)ρ∗A(TV
∗) →
ρ∗A(TV
∗) modelled on the Lie algebroid (τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V )→ ρ∗A(TV
∗) is symplectic and
the complete lift ΩcV of ΩV is a symplectic section of (τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V )→ ρ∗A(TV
∗).
Now, suppose that X˜ : A→ ρ∗A(TV
∗) is a section of the vector bundle pr1|ρ∗A(TV ∗) : ρ
∗
A(TV
∗)→
A. Then, X˜ allows us to define the Lie subaffgebroid of ((π˜V ∗)
π˜V ∗ : J ρ
∗
A(TV
∗)ρ∗A(TV
∗) →
ρ∗A(TV
∗), (τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V )→ ρ∗A(TV
∗)) considered in Examples 7.2 ii).
Next, we will obtain a necessary and sufficient condition for such a Lie subaffgebroid to be
Lagrangian. For this purpose, we will introduce a section of (LτAV )∗ → A as follows.
Let AA : ρ
∗
A(TV
∗) → (LτAV )∗ be the canonical isomorphism, over the identity of A, between
the vector bundles ρ∗A(TV
∗)→ A and (LτAV )∗ → A considered in Section 5 (see (5.3)) and αX˜
be the section of (LτAV )∗ → A given by
(7.3) αX˜ = AA ◦ X˜.
Then, we have the following result.
Proposition 7.7. Let τA : A → M be a Lie affgebroid modelled on the Lie algebroid τV :
V → M and X˜ : A → ρ∗A(TV
∗) be a section of pr1|ρ∗
A
(TV ∗) : ρ
∗
A(TV
∗) → A. Then, the
Lie subaffgebroid of ((π˜V ∗)
π˜V ∗ : J ρ
∗
A(TV
∗)ρ∗A(TV
∗) → ρ∗A(TV
∗), (τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V ) →
ρ∗A(TV
∗)) considered in Examples 7.2 ii) is Lagrangian if and only if αX˜ is a 1-cocycle of the
Lie algebroid ττAV : L
τAV → A.
Proof. Let (ΨX˜ , X˜) be the monomorphism between the Lie algebroids τ
τA
V : L
τAV → A and
(τ
τ∗V
V )
π˜V ∗ : Lπ˜V ∗ (Lτ
∗
V V )→ ρ∗A(TV
∗) considered in Examples 7.2 ii).
Suppose that (xi) are local coordinates onM and that {e0, eα} is a local basis of Γ(τA˜) adapted
to 1A. Denote by (x
i, yα) (respectively, (xi, yα; z
α, vα)) the corresponding coordinates on A
(respectively, ρ∗A(TV
∗)) and by {T˜α, V˜α} the corresponding local basis of Γ(τ
τA
V ) (see (3.15)).
If the local expression of X˜ : A→ ρ∗A(TV
∗) is
(7.4) X˜(xi, yα) = (xi, X˜α; y
α, X˜ ′α)
LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 33
then, using (3.15) and (6.9), we deduce that
(7.5)
ΨX˜(T˜α(x
i, yγ)) = e˜ cα (X˜(x
i, yγ)) + ρjα(x
i)
∂X˜β
∂xj |(xi,yγ)
e¯ cβ (X˜(x
i, yγ))
− Cγ0α(x
i)e˜ vγ (X˜(x
i, yγ)) + Cγαβ(x
i)yβ e˜vγ(X˜(x
i, yγ))
+ ρiα(x
i)
∂X˜ ′β
∂xi |(xi,yγ)
e¯vβ(X˜(x
i, yγ)),
ΨX˜(V˜α(x
i, yγ)) =
∂X˜β
∂yα |(xi,yγ)
e¯cβ(X˜(x
i, yγ)) + e˜vα(X˜(x
i, yγ))
+
∂X˜ ′β
∂yα |(xi,yγ)
e¯vβ(X˜(x
i, yγ)),
where e˜cα and e¯
c
α (respectively, e˜
v
α and e¯
v
α) are the complete lifts (respectively, vertical lifts)
of e˜α and e¯α to Γ((τ
τV ∗
V )
π˜V ∗ ) and ρi0, ρ
i
α, C
γ
0α and C
γ
αβ are the structure functions of the Lie
algebroid τA˜ : A˜→M with respect to the local coordinates (x
i) and to the basis {e0, eα}.
Thus, if λV is the Liouville section of L
τ∗V V then, from (6.10) and (7.5), we obtain that
(ΨX˜ , X˜)
∗(λcV ) = (X˜
′
α + X˜γC
γ
αβy
β + X˜γC
γ
α0)T˜
α + X˜αV˜
α,
{T˜α, V˜ α} being the dual basis of {T˜α, V˜α}.
Therefore, using (5.3), (7.3) and (7.4), it follows that
(ΨX˜ , X˜)
∗(λcV ) = αX˜ .
Now, since ΩcV = (−d
Lτ
∗
V V λV )
c = −dL
piV ∗ (Lτ
∗
V V )λcV (see Proposition 6.1), we have that
(7.6) (ΨX˜ , X˜)
∗(ΩcV ) = −d
LτAV αX˜ .
Consequently, using (7.6) and the fact that rank(LτAV ) = 12rank(L
π˜V ∗ (Lτ
∗
V V )), we deduce
the result. 
8. Lagrangian submanifolds, Tulczyjew’s triple and Euler-Lagrange
(Hamilton) equations
Let (τA : A → M, τV → M, ([[·, ·]]V , D, ρA)) be a symplectic Lie affgebroid with symplectic
section Ω. Then, as we know (see Theorem 6.5), the Lie affgebroid (ττAA : J
AA → A, ττAV :
LτAV → A) is symplectic and the complete lift Ωc of Ω is a symplectic section of ττAV : L
τAV →
A.
Definition 8.1. Let S be a submanifold of the symplectic Lie affgebroid A and i : S → A be
the canonical inclusion. Denote by τSA : S →M the map given by τ
S
A = τA ◦ i and suppose that
ρV (VτSA(a)) + (Taτ
S
A)(TaS) = TτSA(a)M , for all a ∈ S. Then, the submanifold S is said to be
Lagrangian if the corresponding Lie subaffgebroid (π˜S : ρ
∗
A(TS) → S, τ
τSA
V : L
τSAV → S) of the
symplectic Lie affgebroid (ττAA : J
AA→ A, ττAV : L
τAV → A) is Lagrangian.
Now, we have the following result.
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Corollary 8.2. Let (τA : A→M, τV : V →M) be a symplectic Lie affgebroid with symplectic
section Ω = −dV λ, λ being a section of the vector bundle τ∗V : V
∗ → M and suppose that
X :M → A is a section of τA : A→M . Then, the submanifold S = X(M) of A is Lagrangian
if and only if the section DXλ of τ
∗
V : V
∗ →M is a 1-cocycle of τV : V →M .
Proof. Let (Id, TX ◦ ρA) : A → J
AA (respectively, (Id, TX ◦ ρV ) : V → L
τAV ) be the
morphism defined as in Examples 7.2 i). Then, a direct computation proves that (Id, TX ◦
ρA)(A) = ρ
∗
A(TS) and (Id, TX ◦ ρV )(V ) = L
τSAV. Thus, using Corollary 7.6, we deduce that S
is Lagrangian if and only if DXλ is a 1-cocycle. 
If τA : A → M is a Lie affgebroid modelled on the Lie algebroid τV : V → M , we will
denote by ρ∗A(TV
∗) the pull-back of the vector bundle Tτ∗V : TV
∗ → TM over the anchor map
ρA : A→ TM and by AA : ρ
∗
A(TV
∗)→ (LτAV )∗ the canonical isomorphism, over the identity
of A, between the vector bundles ρ∗A(TV
∗)→ A and (LτAV )∗ → A considered in Section 5 (see
(5.3)).
Corollary 8.3. Let τA : A→M be a Lie affgebroid modelled on the Lie algebroid τV : V →M
and X˜ : A→ ρ∗A(TV
∗) be a section of pr1|ρ∗
A
(TV ∗) : ρ
∗
A(TV
∗)→ A. Denote by S the submanifold
X˜(A) of ρ∗A(TV
∗) and by αX˜ the section of (L
τAV )∗ → A given by αX˜ = AA ◦ X˜. Then, S is a
Lagrangian submanifold of the symplectic Lie affgebroid (π˜V ∗ : ρ
∗
A(TV
∗)→ V ∗, τ
τ∗V
V : L
τ∗V V →
V ∗) if and only if αX˜ is a 1-cocycle of the Lie algebroid τ
τA
V : L
τAV → A.
Proof. Let ((Id, T (π˜V ∗ ◦ X˜)), T X˜) : J
AA → J ρ
∗
A(TV
∗)ρ∗A(TV
∗) (respectively, ((Id, T (π˜V ∗ ◦
X˜)), T X˜) : LτAV → Lπ˜V ∗ (Lτ
∗
V V )) be the morphism defined as in Examples 7.2 ii). Then, it is
easy to prove that
((Id, T (π˜V ∗ ◦ X˜)), T X˜)(J
AA) = ρ∗ρ∗
A
(TV ∗)(TS),
((Id, T (π˜V ∗ ◦ X˜)), T X˜)(L
τAV )) = L
τS
ρ∗
A
(TV ∗)(Lτ
∗
V V ).
Thus, using Proposition 7.7, we deduce that S is Lagrangian if and only if αX˜ is a 1-cocycle. 
Now, let (τA : A → M, τV : V → M) be a Lie affgebroid and h : V
∗ → A+ be a Hamiltonian
section, that is, h is a section of µ : A+ → V ∗. Then, we can consider the cosymplectic
structure (Ωh, η) on L
τ∗V A˜ given by (3.1) and (3.2) and the Reeb section Rh ∈ Γ(τ
τ∗V
A˜
) of (Ωh, η)
(see (3.6)). Since η(Rh) = 1, we have that Rh(V
∗) ⊆ ρ∗A(TV
∗). Moreover, from (3.6), it follows
that
(8.1) LL
τ∗
V A˜
Rh λh = d
Lτ
∗
V A˜(λh(Rh)).
Thus, using (3.4), (7.2), (8.1) and Corollary 8.2, we deduce that Sh = Rh(V
∗) is a Lagrangian
submanifold of ρ∗A(TV
∗).
On the other hand, it is clear that there exists a bijective correspondence Ψh between the set
of curves in Sh and the set of curves in V
∗. In fact, if c : I → V ∗ is a curve in V ∗ then the
corresponding curve in Sh is Rh ◦ c : I → Sh.
A curve γ in Sh,
γ : I → Sh ⊆ ρ
∗
A(TV
∗) ⊆ Lτ
∗
V A˜ ⊆ A˜× TV ∗, t 7→ (γ1(t), γ2(t)),
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is said to be admissible if the curve γ2 : I → TV
∗ is a tangent lift, that is, γ2(t) = c˙(t), where
c : I → V ∗ is the curve in V ∗ given by πV ∗ ◦γ2, πV ∗ : TV
∗ → V ∗ being the canonical projection.
Theorem 8.4. Under the bijection Ψh, the admissible curves in the Lagrangian submanifold
Sh correspond with the solutions of the Hamilton equations for h.
Proof. Suppose that γ : I → Sh ⊆ L
τ∗V A˜ ⊆ A˜×TV ∗, γ(t) = (γ1(t), γ2(t)) is an admissible curve
in Sh. Then, γ2(t) = c˙(t), for all t, where c : I → V
∗ is the curve in V ∗ given by c = πV ∗ ◦ γ2.
Now, since Rh is a section of the vector bundle τ
τ∗V
A˜
: Lτ
∗
V A˜→ V ∗ and γ(I) ⊆ Sh = Rh(V
∗), it
follows that
(8.2) Rh(c(t)) = γ(t), for all t,
that is, c = Ψh(γ). Thus, from (8.2), we obtain that ρ
τ∗V
A˜
(Rh) ◦ c = γ2 = c˙. In other words, c
is an integral curve of the vector field ρ
τ∗V
A˜
(Rh) and, therefore, c is a solution of the Hamilton
equations associated with h (see Section 3.1).
Conversely, assume that c : I → V ∗ is a solution of the Hamilton equations associated with h,
that is, c is an integral curve of the vector field ρ
τ∗V
A˜
(Rh) or, equivalently,
(8.3) ρ
τ∗V
A˜
(Rh) ◦ c = c˙.
Then, γ = Rh ◦ c is a curve in Sh and, from (8.3), we deduce that γ is admissible. 
Next, suppose that L : A → R is a Lagrangian function. Then, from Corollary 8.3, we obtain
that SL = (A
−1
A ◦ d
LτAV L)(A) is a Lagrangian submanifold of the symplectic Lie affgebroid
ρ∗A(TV
∗).
On the other hand, we have a bijective correspondence ΨL between the set of curves in SL and
the set of curves in A. In fact, if γ : I → SL is a curve in SL then there exists a unique curve
c : I → A in A such that AA(γ(t)) = (d
LτAV L)(c(t)), for all t. Note that
pr1(γ(t)) = (τ
τA
V )
∗(AA(γ(t))) = (τ
τA
V )
∗((dL
τAV L)(c(t))) = c(t), for all t,
where pr1 : ρ
∗
A(TV
∗) ⊆ A × TV ∗ → A is the canonical projection on the first factor and
(ττAV )
∗ : (LτAV )∗ → A is the vector bundle projection. Thus,
γ(t) = (c(t), γ2(t)) ∈ ρ
∗
A(TV
∗) ⊆ Lτ
∗
V A ⊆ A× TV ∗, for all t.
A curve γ in SL
γ : I → SL ⊆ ρ
∗
A(TV
∗) ⊆ A× TV ∗, t 7→ (c(t), γ2(t)),
is said to be admissible if the curve γ2 : I → TV
∗ is a tangent lift, that is, γ2(t) = c˙
∗(t), where
c∗ : I → V ∗ is the curve in V ∗ given by c∗ = πV ∗ ◦ γ2.
Theorem 8.5. Under the bijection ΨL, the admissible curves in the Lagrangian submanifold
SL correspond with the solutions of the Euler-Lagrange equations for L.
Proof. Suppose that (xi) are local coordinates on M and that {e0, eα} is a local basis of Γ(τA˜)
adapted to 1A. Denote by (x
i, yα) (respectively, (xi, yα) and (x
i, yα; z
α, vα)) the correspon-
ding coordinates on A (respectively, V ∗ and ρ∗A(TV
∗)). Then, using (5.3), it follows that the
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submanifold SL is characterized by the following equations
(8.4) yα =
∂L
∂yα
, zα = yα, vα = ρ
i
α
∂L
∂xi
+ (Cγ0α + C
γ
βαy
β)
∂L
∂yγ
, for all α.
Now, let γ : I → SL be an admissible curve in SL
γ(t) = (c(t), γ2(t)) ∈ SL ⊆ ρ
∗
A(TV
∗) ⊆ A× TV ∗, for all t,
and denote by c∗ : I → V ∗ the curve in V ∗ satisfying
(8.5) γ2(t) = c˙
∗(t), for all t,
i.e.,
(8.6) c∗(t) = πV ∗(γ2(t)), for all t.
If the local expressions of γ and c are
γ(t) = (xi(t), yα(t); z
α(t), vα(t)), c(t) = (x
i(t), yα(t)),
then we have that
(8.7) yα(t) = zα(t), for all α.
Moreover, from (8.5) and (8.6), we deduce that
(8.8) c∗(t) = (xi(t), yα(t)), γ2(t) =
dxi
dt
∂
∂xi |c∗(t)
+
dyα
dt
∂
∂yα |c∗(t)
.
Thus,
(8.9) vα(t) =
dyα
dt
, for all α.
Therefore, using (8.4), (8.7), (8.8), (8.9) and the fact that ρA(c(t)) = (Tτ
∗
V )(γ2(t)), it follows
that
dxi
dt
= ρi0 + ρ
i
αy
α,
d
dt
(
∂L
∂yα
) = ρiα
∂L
∂xi
+ (Cγ0α + C
γ
βαy
β)
∂L
∂yγ
,
for all i and α, that is, c is a solution of the Euler-Lagrange equations for L.
Conversely, let c : I → A be a solution of the Euler-Lagrange equations for L and γ : I → SL
be the corresponding curve in SL, c = ΨL(γ). Suppose that
γ(t) = (c(t), γ2(t)) ∈ SL ⊆ ρ
∗
A(TV
∗) ⊆ A× TV ∗, for all t,
and denote by c∗ : I → V ∗ the curve in V ∗ given by c∗ = πV ∗ ◦ γ2. If the local expressions of
γ and c are
γ(t) = (xi(t), yα(t); z
α(t), vα(t)), c(t) = (x
i(t), yα(t)),
then yα(t) = zα(t), for all α, and the local expressions of c∗ and γ2 are
c∗(t) = (xi(t), yα(t)), γ2(t) = (ρ
i
0(x
j(t)) + zα(t)ρiα(x
j(t)))
∂
∂xi |c∗(t)
+ vα(t)
∂
∂yα |c∗(t)
.
Thus, using (8.4) and the fact that c is a solution of the Euler-Lagrange equations for L, we
deduce that γ2(t) = c˙
∗(t), for all t, which implies that γ is admissible. 
LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 37
Now, assume that the Lagrangian function L : A → R is hyperregular and denote by ΘL
and ΩL = −d
LτA A˜ΘL the Poincare´-Cartan sections associated with L. We consider the map
(iV , Id) : L
τAV → LτAA˜ given by
(iV , Id)(v,Xa) = (iV (v), Xa), for all (v,Xa) ∈ (L
τAV )a, with a ∈ A,
iV : V → A˜ being the canonical inclusion. We have that (iV , Id) is a Lie algebroid morphism
over the identity of A. Furthermore, if φ0 is the section of the dual bundle to L
τAA˜ defined by
(3.17), it follows that the pair (ΩL, φ0) is a cosymplectic structure on L
τAA˜ (see (3.20)) and it is
easy to prove that (iV , Id)
∗φ0 = 0. This implies that (iV , Id)
∗ΩL is a symplectic section of the
Lie algebroid ττAV : L
τAV → A and, thus, the Lie affgebroid (ττAA : J
AA→ A, ττAV : L
τAV → A)
is symplectic. Note that (iV , Id)
∗ΩL = −d
LτAV ((iV , Id)
∗(ΘL)).
Next, denote by RL the Reeb section of the cosymplectic structure (ΩL, φ0). Since φ0(RL) = 1,
we deduce that RL is a section of τ
τA
A : J
AA → A. Moreover, we have that LL
τA A˜
RL
ΘL =
dL
τA A˜(ΘL(RL)). Therefore, from (7.2) and Corollary 8.2, we deduce that SRL = RL(A) is a
Lagrangian submanifold of the symplectic Lie affgebroid JAA.
On the other hand, it is clear that there exists a bijective correspondence ΨSRL between the
set of curves in SRL and the set of curves in A.
A curve γ in SRL
γ : I → SRL ⊆ J
AA ⊆ A× TA, t 7→ (γ1(t), γ2(t)),
is said to be admissible if the curve γ2 : I → TA is a tangent lift, that is, γ2(t) = c˙(t), for all t,
where c : I → A the curve in A defined by c = πA ◦ γ2, πA : TA → A being the canonical
projection.
Theorem 8.6. If the Lagrangian L is hyperregular then under the bijection ΨSRL the admissible
curves in the Lagrangian submanifold SRL correspond with the solutions of the Euler-Lagrange
equations for L.
Proof. Let γ : I → SRL ⊆ J
AA ⊆ A×TA be an admissible curve in SRL , γ(t) = (γ1(t), γ2(t)),
for all t. Then, γ2(t) = c˙(t), for all t, where c : I → A is the curve in A given by c = πA ◦ γ2.
Now, since RL is a section of the vector bundle τ
τA
A : J
AA → A and γ(I) ⊆ SRL = RL(A), it
follows that RL(c(t)) = γ(t), for all t, that is, c = ΨSRL (γ). Thus, we obtain that ρ
τA
A˜
(RL)◦ c =
γ2 = c˙, that is, c is an integral curve of the vector field ρ
τA
A˜
(RL). Therefore, c is a solution of
the Euler-Lagrange equations associated with L (see Section 3.2).
Conversely, assume that c : I → A is a solution of the Euler-Lagrange equations associated
with L, that is, c : I → A is an integral curve of the vector field ρτA
A˜
(RL) or, equivalently,
(8.10) ρτA
A˜
(RL) ◦ c = c˙.
Then, γ = RL ◦ c is a curve in SRL and, from (8.10), we deduce that γ is admissible. 
If L : A → R is hyperregular then the Legendre transformation legL : A → V
∗ associated
with L is a global diffeomorphism. So, we may consider the Hamiltonian section hL : V
∗ → A+
defined by hL = LegL◦leg
−1
L , LegL : A→ A
+ being the extended Legendre transformation, and
the Reeb section RL (respectively, RhL) of the cosymplectic structure (ΩL, φ0) (respectively,
(ΩhL , η)) on L
τAA˜ (respectively, Lτ
∗
V A˜).
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Thus, we have:
• The Lagrangian submanifolds SL and ShL of the symplectic Lie affgebroid ρ
∗
A(TV
∗).
• The Lagrangian submanifold SRL of the symplectic Lie affgebroid J
AA.
Denote by (LlegL, legL) the Lie algebroid isomorphism between the Lie algebroids L
τAA˜ and
Lτ
∗
V A˜ induced by the transformation legL : A→ V
∗.
Theorem 8.7. If the Lagrangian function L : A → R is hyperregular and hL : V
∗ → A+ is
the corresponding Hamiltonian section then the Lagrangian submanifolds SL and ShL are equal
and
(8.11) LlegL(SRL) = SL = ShL .
Proof. Using (3.30), we obtain that
(8.12) AA ◦RhL ◦ legL = AA ◦ LlegL ◦RL.
Now, suppose that (xi) are local coordinates in M and that {e0, eα} is a local basis of Γ(τA˜)
adapted to 1A. Denote by (x
i, yα) the corresponding coordinates on A and by (xi, yα; zα, vα)
(respectively, (xi, yα; z
α, vα) and (x
i, yα; zα, vα)) the corresponding ones on J
AA (respectively,
ρ∗A(TV
∗) and (LτAV )∗). Then, from (3.22), (3.27) and (5.3), we deduce that
(AA ◦ LlegL ◦RL)(x
i, yα) = (xi, yα; ρiα
∂L
∂xi
,
∂L
∂yα
).
Thus, it follows that (AA ◦ LlegL ◦ RL)(x
i, yα) = dL
τAV L(xi, yα), that is (see (8.12)), AA ◦
RhL ◦ legL = d
LτAV L. Therefore, SL = ShL .
On the other hand, using (3.30), we obtain that (8.11) holds. 
9. Applications
9.1. The particular case of a Lie algebroid. In this first example, we will show that when
we consider a Lie algebroid as a Lie affgebroid and we apply the results obtained in this paper,
we recover the constructions made in [10].
Let (E, [[·, ·]], ρ) be a Lie algebroid onM with vector bundle projection τE : E →M. In this case,
τE : E →M can be considered as an affine bundle with associated vector bundle τE : E →M.
Then, its dual bundle E+ is E∗×R and therefore, its bidual bundle E˜ is just E×R. Moreover,
we can identify the distinguished section 1E ∈ Γ(τE+) = Γ(τ
∗
E) × C
∞(M) with the section
(0, 1) ∈ Γ(τ∗E)× C
∞(M) induced by the constant function 1 on M.
On the other hand, a local basis {e0, eα} of sections of E˜ = E × R adapted to the 1-cocycle
1E = (0, 1) can be constructed as follows
e0 = (0, 1) ∈ Γ(τE+) = Γ(τE)× C
∞(M), eα = (e
′
α, 0) ∈ Γ(τE+) = Γ(τE)× C
∞(M),
where {e′α} is a local basis of sections of E.
Now, suppose that (xi) are local coordinates on an open subset U of M . Denote by (xi, yα, y0)
the local coordinates on E˜ = E × R induced by {e0, eα}. The local equation defining E as
affine subbundle (respectively, as vector subbundle) of E˜ is y0 = 1 (respectively, y0 = 0). Thus,
(xi, yα) may be considered as local coordinates on E.
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In such a case, the local expressions of the Lie bracket and the anchor map on E˜ = E × R are
the following:
[[e0, eα]]E×R = 0, [[eα, eβ]]E×R = C
γ
αβeγ ,
ρE×R(e0) = 0, ρE×R(eα) = ρ
i
α
∂
∂xi
.
On the other hand, the prolongation, Lτ
∗
E E˜, of the bidual Lie algebroid E˜ over the dual pro-
jection of the vector bundle τE : E → M is just the product vector bundle L
τ∗EE × R → E∗.
So, the space of sections of Lτ
∗
E E˜ can be identified with Γ(τ
τ∗E
E )× C
∞(E∗).
Since the map µ : E+ = E∗ × R → E∗ is the canonical projection on the first factor, a
Hamiltonian section h : E∗ → E∗×Rmay be identified with a Hamiltonian functionH : E∗ → R
is such a way that h(β) = (β,−H(β)), for β ∈ E∗. Moreover, the cosymplectic structure (Ωh, η)
on the Lie algebroidLτ
∗
E E˜ can be expressed in terms of the canonical symplectic section of Lτ
∗
EE,
ΩE , and the section (0, 1) ∈ Γ(τ
τ∗E
E )× C
∞(E∗) as follows
(9.1) Ωh = ΩE + d
Lτ
∗
EEH ∧ (0, 1), η = (0, 1).
Thus, the local expression of the Reeb section of (Ωh, η), Rh ∈ Γ(τ
τ∗E
E˜
) ∼= Γ(τ
τ∗E
E )×C
∞(E∗), is
(9.2) Rh = (ξH , 1),
ξH being the unique section of Γ(τ
τ∗E
E ) satisfying iξHΩE = d
Lτ
∗
EEH. This implies that the
vector fields ρ
τ∗E
E×R(Rh) and ρ
τ∗E(ξH) on E
∗ coincide. Therefore, one deduces that the Hamilton
equations associated with h on E (as a Lie affgebroid) are just the Hamilton equations associated
with H considering on E the structure of Lie algebroid (see Section 3.3 in [10]).
Now, let L : E → R be a Lagrangian function. Then, if we write the Euler-Lagrange equa-
tions associated with L (see (3.21)), we obtain the Euler-Lagrange equations associated with L
considering E as a Lie algebroid (see (2.40) in [10]).
On the other hand, if the Lagrangian function L is hyperregular, we can consider the corre-
sponding Hamiltonian section hL : E
∗ → E+ = E∗ × R defined by hL = LegL ◦ leg
−1
L . Thus,
hL(α) = (α,−HL(α)), where HL : E
∗ → R is a Hamiltonian function on E∗. One may prove
that HL = EL ◦ leg
−1
L , where EL : E → R is the Lagrangian energy associated with L (for the
definition of EL, see [10]). Thus, HL is the Hamiltonian function associated with L considered
in [10].
Next, we are going to describe the Tulczyjew’ triple associated with E (as a Lie affgebroid) and
the Hamilton section h : E∗ → E∗ × R:
(9.3)
E
✑
✑
✑
✑
✑
✑✰
✑
✑
✑
✑
✑
✑✰
E∗
(ττEE )
∗ π˜E∗ (τ
τ∗E
E )
∗
◗
◗
◗
◗
◗
◗s
pr1
◗
◗
◗
◗
◗
◗s
(LτEE)∗
AE ♭Ωh✛ ρ∗(TE∗) ∼= Lτ
∗
EE ✲ (Lτ
∗
EE)∗
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Note that the space J EE is the prolongation LτEE of E over τE : E → M . Moreover,
the canonical involution σE : J
EE → J EE associated with the Lie affgebroid E is just the
canonical involution associated with the Lie algebroid E which was introduced in [10] (see
Section 4 in [10]). Thus, it is easy to prove that the map AE : ρ
∗
E(TE) ≡ L
τ∗EE → (LτEE)∗
coincides with the isomorphism of vector bundles also introduced in [10] (see Section 5 in [10]).
On the other hand, let ♭E∗ : L
τ∗EE → (Lτ
∗
EE)∗ be the canonical isomorphism between the vector
bundles π˜E∗ : L
τ∗EE → E∗ and (τ
τ∗E
E )
∗ : (Lτ
∗
EE)∗ → E∗ induced by the symplectic section ΩE .
Then, one can check that (see (9.1))
♭Ωh = ♭E∗ − (d
Lτ
∗
EEH) ◦ π˜E∗ .
Finally, we will analyze the Lagrangian submanifolds which describe the dynamics on the Lie
affgebroid E.
If L : E → R is a Lagrangian function then it is clear that SL = (A
−1
E ◦ d
LτEEL)(E) is just
the Lagrangian submanifold of the symplectic Lie algebroid π˜E∗ : L
τ∗EE → E∗ which was
considered in [10] in order to describe the Lagrangian dynamics (see Section 8 in [10]). On the
other hand, suppose that h : E∗ → E+ = E∗×R is a Hamiltonian section and that H : E∗ → R
is the corresponding Hamiltonian function. Then, the vector bundle π˜E∗ : L
τ∗EE → E∗ may be
identified with the affine subbundle Lτ
∗
EE × {1} → E∗ of Lτ
∗
EE ×R = Lτ
∗
E E˜ → E∗ and, under
this identification, the Reeb section Rh is the Hamiltonian section ξH of π˜E∗ : L
τ∗EE → E∗
(see (9.2)). Therefore, Sh = Rh(E
∗) may be identified with the Lagrangian submanifold SH =
ξH(E
∗) of the symplectic Lie algebroid π˜E∗ : L
τ∗EE → E∗ associated with the Hamiltonian
function H . This submanifold was considered in [10] in order to describe the Hamiltonian
dynamics.
9.2. Lie affgebroids and time-dependent Mechanics. Let τ : M → R be a fibration and
τ1,0 : J
1τ → M be the associated Lie affgebroid modelled on the vector bundle π = (πM )|V τ :
V τ →M . As we know, the bidual vector bundle J˜1τ to the affine bundle τ1,0 : J
1τ →M may
be identified with the tangent bundle TM toM and, under this identification, the Lie algebroid
structure on πM : TM →M is the standard Lie algebroid structure and the 1-cocycle 1J1τ on
πM : TM → M is just the 1-form η = τ
∗(dt), t being the coordinate on R (see Section 2.2).
If (t, qi) are local fibred coordinates on M then { ∂∂qi } (respectively, {
∂
∂t ,
∂
∂qi }) is a local basis
of sections of π : V τ → M (respectively, πM : TM → M). Denote by (t, q
i, q˙i) (respectively,
(t, qi, t˙, q˙i)) the corresponding local coordinates on V τ (respectively, TM). Then, the (local)
structure functions of TM with respect to this local trivialization are given by
Ckij = 0 and ρ
i
j = δij , for i, j, k ∈ {0, 1, . . . , n}.
Now, let π∗ : V ∗τ → M be the dual vector bundle to π : V τ → M and suppose that π∗1 :
V ∗τ → R is the fibration defined by π∗1 = τ ◦ π
∗, that (π∗1)1,0 : J
1π∗1 → V
∗τ is the 1-jet
bundle of local sections of π∗1 : V
∗τ → R and that ρJ1τ : J
1τ → TM is the anchor map of
τ1,0 : J
1τ → M (ρJ1τ is the canonical inclusion of J
1τ on TM). Then, one may introduce an
isomorphism F (over the identity of V ∗τ) between the Lie affgebroids (π∗1)1,0 : J
1π∗1 → V
∗τ
and π˜V ∗τ : ρ
∗
J1τ (T (V
∗τ)) → V ∗τ as follows. If j1t ψ ∈ J
1π∗1 , with t ∈ I and ψ : I ⊆ R → V
∗τ
is a local section of π∗1 : V
∗τ → R, then there exists a unique z ∈ J1τ such that ρJ1τ (z) =
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(Tψ(t)π
∗)(ψ˙(t)) and we define
F (j1t ψ) = (z, (Tψ(t)π
∗)(ψ˙(t))).
On the other hand, since the anchor map of πM : TM → M is the identity of TM , it follows
that the Lie algebroids ππ
∗
M : L
π∗(TM)→ V ∗τ and πV ∗τ : T (V
∗τ)→ V ∗τ are isomorphic.
Note that if (t, qi, pi; t˙, q˙
i, p˙i) are the local coordinates on T (V
∗τ) induced by (t, qi, pi) then
the local equation defining J1π∗1 as an affine subbundle of πV ∗τ : T (V
∗τ) → V ∗τ is t˙ = 1.
Therefore, (t, qi, pi; q˙
i, p˙i) is a system of local coordinates on J
1π∗1 .
Next, let h be a Hamiltonian section, that is, h : V ∗τ → (J1τ)+ ∼= T ∗M is a section of the
canonical projection of µ : (J1τ)+ ∼= T ∗M → V ∗τ . h is locally given by
h(t, qi, pi) = (t, q
i,−H(t, qj, pj), pi).
Moreover, the cosymplectic structure (Ωh, η) on the Lie algebroid π
π∗
M : L
π∗(TM) ∼= T (V ∗τ)→
V ∗τ is, in this case, the standard cosymplectic structure (Ωh, η) on the manifold V
∗τ locally
given by
Ωh = dq
i ∧ dpi +
∂H
∂qi
dqi ∧ dt+
∂H
∂pi
dpi ∧ dt, η = dt.
Thus, the Reeb section of (Ωh, η) is the vector field Rh on V
∗τ defined by
Rh =
∂
∂t
+
∂H
∂pi
∂
∂qi
−
∂H
∂qi
∂
∂pi
.
It is clear that the integral sections of Rh
t 7→ (t, qi(t), pi(t))
are just the solutions of the classical non-autonomous Hamilton equations
dqi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂qi
.
Moreover, if Sh is the Lagrangian submanifold of the symplectic Lie affgebroid π˜V ∗τ : ρ
∗
J1τ (V
∗τ)
∼= J1π∗1 → V
∗τ given by Sh = Rh(V
∗τ) then the local equations defining Sh are
q˙i =
∂H
∂pi
, p˙i = −
∂H
∂qi
,
that is, the Hamilton equations for h.
Remark 9.1. As we know (see Section 3.1), (J1τ)+ ∼= T ∗M is an affine bundle over V ∗τ
of rank 1 modelled on the trivial vector bundle τV ∗τ×R : V
∗τ × R → V ∗τ and the affine
bundle projection is the map µ : (J1τ)+ ∼= T ∗M → V ∗τ . Furthermore, the Hamiltonian
section h induces an affine function Fh on T
∗M . In the particular case when the fibration
τ is trivial, that is, M = R × Q and τ is the canonical projection on the first factor then
T ∗M ∼= T ∗(R×Q) ∼= (R×R)× T ∗Q, V ∗τ ∼= R× T ∗Q and under these identifications µ is the
projection given by
µ(t, p, αq) = (t, αq), for αq ∈ T
∗
qQ and (t, p) ∈ R× R.
Thus, h may be considered as the Hamiltonian function H on R× T ∗Q. In addition, the affine
function Fh ≡ FH on T
∗M ∼= (R× R)× T ∗Q is given by
Fh(t, p, αq) ≡ FH(t, p, αq) = −H(t, αq)− p.
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Note that Fh ≡ FH is, up to the sign, the classical extension of H to a Hamiltonian function
H+ on the extended phase space T ∗(R×Q) (see [9] and the references therein). ♦
Finally, if L : J1τ → R is a time-dependent Lagrangian function then the local equations
defining the corresponding Lagrangian submanifold SL are (see (8.4))
(9.4) pi =
∂L
∂q˙i
,
(9.5) p˙i =
∂L
∂qi
.
Note that Eqs. (9.4) give the definition of the momenta and Eqs. (9.5) are just the Euler-
Lagrange equations for L.
9.3. Atiyah affgebroids and nonautonomous Hamilton(Lagrange)-Poincare´ equa-
tions.
9.3.1. Atiyah affgebroids. Let p : Q→M be a principal G-bundle. Denote by Φ : G×Q→ Q
the free action of G on Q and by TΦ : G × TQ → TQ the tangent action of G on TQ. Then,
one may consider the quotient vector bundle πQ|G : TQ/G → M = Q/G and the sections of
this vector bundle may be identified with the vector fields on Q which are invariant under the
action Φ. Using that every G-invariant vector field on Q is p-projectable and that the usual Lie
bracket on vector fields is closed with respect to G-invariant vector fields, we can induce a Lie
algebroid structure on TQ/G. This Lie algebroid is called the Atiyah algebroid associated with
the principal G-bundle p : Q→M (see [10, 11]).
Now, we suppose that ν : M → R is a fibration of M on R. Denote by τ : Q → R the
composition τ = ν ◦ p. Then, Φ induces an action J1Φ : G× J1τ → J1τ of G on J1τ such that
J1Φ(g, j1t γ) = j
1
t (Φg ◦ γ),
for g ∈ G and γ : I ⊂ R→ Q a local section of τ , with t ∈ I. Moreover, the projection
τ1,0|G : J
1τ/G→M, [j1t γ] 7→ p(τ1,0(j
1
t γ)) = p(γ(t))
defines an affine bundle on M which is modelled on the quotient vector bundle
π|G : V τ/G→M, [uq] 7→ p(q), for uq ∈ Vqτ,
π : V τ → Q being the vertical bundle of the fibration τ : Q→ R. Here, the action of G on V τ
is the restriction to V τ of the tangent action TΦ of G on TQ.
In addition, the bidual vector bundle of J1τ/G→M is πQ|G : TQ/G→M .
On the other hand, if t is the usual coordinate on R, the 1-form τ∗(dt) is G-invariant and defines
a non-zero 1-cocycle φ : TQ/G→ R on the Atiyah algebroid TQ/G. Note that φ−1{1} ∼= J1τ |G
and therefore, one may consider the corresponding Lie affgebroid structure on J1τ/G (see [16]).
J1τ/G endowed with this structure is called the Atiyah affgebroid associated with the principal
G-bundle p : Q→M and the fibration ν :M → R.
Now, let K : TQ→ g be a connection in the principal bundle p : Q→M . This connection will
allow us to determine an isomorphism between the vector bundles TQ/G→M and TM ⊕ g˜→
LAGRANGIAN SUBMANIFOLDS AND DYNAMICS ON LIE AFFGEBROIDS 43
M , where g is the Lie algebra of G and g˜ = (Q × g)/G is the adjoint bundle associated with
the principal bundle p : Q→M. In fact, this isomorphism is defined as follows (see [10, 11])
IK : TQ/G→ TM ⊕ g˜, [uq] 7→ (Tqp)(uq)⊕ [(q,K(uq))].
Using this identification, we can induce a Lie algebroid structure on TM ⊕ g˜ in such a way
that IK is a Lie algebroid isomorphism. In addition, the 1-cocycle φ induces a 1-cocycle φ
′ on
TM ⊕ g˜ given by φ′(vp(q) ⊕ [(q, ξ)]) = (π
∗dt)(p(q))(vp(q)), for vp(q) ∈ Tp(q)M and ξ ∈ g. It is
clear that (φ′)−1{1} may be identified with the affine bundle (overM) J1ν⊕ g˜. Thus, the affine
bundle J1ν⊕ g˜→M is a Lie affgebroid and, from Proposition 2.2, IK induces an isomorphism
between the Lie affgebroids J1τ/G and J1ν ⊕ g˜.
Denote by B : TQ⊕TQ→ g the curvature of K. Then, we will obtain a local basis of Γ(πQ|G)
as follows. Let U ×G be a local trivialization of p : Q→ M , where U is an open subset of M
and let e be the identity element of G. Assume that there are local fibred coordinates (t, xi) in
U and that {ξa} is a basis of g. Denote by {ξ
L
a } the corresponding left-invariant vector fields
on G, that is, ξLa (g) = (TeLg)(ξa), for g ∈ G, where Lg : G → G is the left translation by g.
Moreover, suppose that
K
(
∂
∂t |(x,e)
)
= Ka0 (x)ξa, K
(
∂
∂xi |(x,e)
)
= Kai (x)ξa, i ∈ {1, . . . ,m},
B
(
∂
∂t |(x,e)
, ∂∂xi |(x,e)
)
= Ba0i(x)ξa, B
(
∂
∂xi |(x,e)
, ∂∂xj |(x,e)
)
= Baij(x)ξa, i, j ∈ {1, . . . ,m},
for x ∈ U . Note that if {ccab} are the structure constants of g with respect to the basis {ξa}
then
Bc0i =
∂Kci
∂t
−
∂Kc0
∂xi
−Ka0K
b
i c
c
ab, B
c
ij =
∂Kcj
∂xi
−
∂Kci
∂xj
− ccabK
a
i K
b
j .
Now, the horizontal lift of the vector fields { ∂∂t ,
∂
∂xi } to p
−1(U) ∼= U ×G is given by
( ∂
∂t
)h
=
∂
∂t
−Ka0 ξ
L
a ,
( ∂
∂xi
)h
=
∂
∂xi
−Kai ξ
L
a .
Therefore, the vector fields on U ×G
(9.6) {e0 =
∂
∂t
−Ka0 ξ
L
a , ei =
∂
∂xi
−Kai ξ
L
a , eb = ξ
L
b }
are G-invariant and they define a local basis {e′0, e
′
i, e
′
a} of Γ(πQ|G). We will denote by
(t, xi; t˙, x˙i, v¯a) (respectively, (t, xi; x˙i, v¯a)) the corresponding fibred coordinates on TQ/G (res-
pectively, J1τ/G). Then, if ([[·, ·]]TQ/G, ρTQ/G) is the Lie algebroid structure on TQ/G, we
deduce that
[[e′0, e
′
j]]TQ/G = −B
c
0je
′
c, [[e
′
i, e
′
j ]]TQ/G = −B
c
ije
′
c, [[e
′
0, e
′
a]]TQ/G = c
c
abK
b
0e
′
c,
[[e′i, e
′
a]]TQ/G = c
c
abK
b
i e
′
c, [[e
′
a, e
′
b]]TQ/G = c
c
abe
′
c,
ρTQ/G(e
′
0) =
∂
∂t
, ρTQ/G(e
′
i) =
∂
∂xi
, ρTQ/G(e
′
a) = 0.
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Thus, the (local) structure functions of the Lie algebroid πQ|G : TQ/G→M with respect to a
local trivialization are zero except the following
(9.7)
Ca0j = −B
a
0j , C
c
0a = −C
c
a0 = c
c
abK
b
0,
Caij = −B
a
ij , C
c
ia = −C
c
ai = c
c
abK
b
i , C
c
ab = c
c
ab,
ρ00 = 1, ρ
i
j = δij .
9.3.2. Nonautonomous Hamilton-Poincare´ equations. Let π∗ : V ∗τ → Q be the dual vector
bundle to the vertical bundle π : V τ → Q. Then, the Lie group G acts on V ∗τ and one may
consider the corresponding quotient vector bundle π∗|G : V ∗τ/G → M = Q/G. It is easy to
prove that this vector bundle is isomorphic to the dual vector bundle to π|G : V τ/G → M .
Moreover, using that the action of G on V ∗τ is free, it follows that V ∗τ is a principal G-bundle
over V ∗τ/G with bundle projection pV ∗τ : V
∗τ → V ∗τ/G. Thus, we have the corresponding
Atiyah algebroid πV ∗τ |G : T (V
∗τ)/G→ V ∗τ/G and, in addition, the exact 1-form (π∗1)
∗(dt) on
V ∗τ , which is G-invariant, induces a 1-cocycle η˜ : T (V ∗τ)/G → R on πV ∗τ |G : T (V
∗τ)/G →
V ∗τ/G. In fact, η˜ is given by
(9.8) η˜([Xαq ]) = Xαq (π
∗
1),
for Xαq ∈ Tαq(V
∗τ) and αq ∈ V
∗
q τ.
Now, denote by Lπ
∗|G(TQ/G) the prolongation of the Atiyah algebroid πQ|G : TQ/G → M
over the fibration π∗|G : V ∗τ/G → M and by η : Lπ
∗|G(TQ/G)→ R the 1-cocycle defined by
(3.2). Then, we introduce the map
(pTQ ◦ Tπ
∗, T pV ∗τ ) : T (V
∗τ)→ Lπ
∗|G(TQ/G) ⊆ TQ/G× T (V ∗τ/G)
given by
(9.9) (pTQ ◦ Tπ
∗, T pV ∗τ )(Xαq ) = (pTQ((Tαqπ
∗)(Xαq )), (TαqpV ∗τ )(Xαq )),
for Xαq ∈ Tαq(V
∗τ) and αq ∈ V
∗
q τ, where pTQ : TQ→ TQ/G is the canonical projection.
Next, we will consider the fibration ν ◦π∗|G : V ∗τ/G→ R and the Atiyah affgebroid associated
with the principal G-bundle pV ∗τ : V
∗τ → (V ∗τ)/G and the projection ν ◦ π∗|G. Since ν ◦
π∗|G ◦ pV ∗τ = π
∗
1 , it follows that the Atiyah affgebroid is the quotient affine bundle (π
∗
1)1,0|G :
J1π∗1/G→ V
∗τ/G, where (π∗1)1,0|G is defined by
((π∗1)1,0|G)([j
1
t γ]) = [(π
∗
1)1,0(j
1
t γ)] = [γ(t)],
for γ : I ⊆ R→ V ∗τ a local section of π∗1 and t ∈ I. Note that the Lie affgebroids η˜
−1{1} and
(π∗1)1,0|G : J
1π∗1/G → V
∗τ/G may be identified in such a way that the bidual Lie algebroid
to (π∗1)1,0|G : J
1π∗1/G → V
∗τ/G also may be identified with πV ∗τ |G : T (V
∗τ)/G → V ∗τ/G.
Under the above identifications, the 1-cocycle 1(J1π∗1/G) is just η˜.
Theorem 9.2. (i) The map (pTQ ◦Tπ
∗, T pV ∗τ ) induces an isomorphism (pTQ ◦ Tπ
∗, T pV ∗τ ),
over the identity of V ∗τ/G, between the Lie algebroids πV ∗τ |G : T (V
∗τ)/G → V ∗τ/G and
τ
π∗|G
TQ/G : L
π∗|G(TQ/G)→ V ∗τ/G. Furthermore,
(9.10) ((pTQ ◦ Tπ
∗, T pV ∗τ), Id)
∗η = η˜.
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(ii) The restriction of the map (pTQ ◦ Tπ
∗, T pV ∗τ ) to J
1π∗1/G induces an isomorphism, over
the identity of V ∗τ/G, between the Atiyah affgebroid (π1)
∗
1,0|G : J
1π∗1/G→ V
∗τ/G and the Lie
affgebroid π˜V ∗τ |G : ρ
∗
J1τ/G(T (V
∗τ/G))→ V ∗τ/G.
Proof. The cotangent lift of Φ defines an action of G on T ∗Q and it is clear that the cano-
nical projection µ : T ∗Q → V ∗τ is G-equivariant. Thus, µ induces an epimorphism µ|G :
T ∗Q/G → V ∗τ/G between the quotient vector bundles T ∗Q/G and V ∗τ/G. Therefore, if
(πQ|G)
∗ : T ∗Q/G→ M is the dual vector bundle to the Atiyah algebroid πQ|G : TQ/G→ M
and L(πQ|G)
∗
(TQ/G) is the prolongation of πQ|G : TQ/G → M over the fibration (πQ|G)
∗ :
T ∗Q/G→M , one may introduce the epimorphism
(Id, T (µ|G)) : L(πQ|G)
∗
(TQ/G)→ Lπ
∗|G(TQ/G)
between the Lie algebroids L(πQ|G)
∗
(TQ/G) ⊆ TQ/G × T (T ∗Q/G) and L(π
∗|G)(TQ/G) ⊆
TQ/G× T (V ∗τ/G) defined by
(Id, T (µ|G))([uq], X[αq′ ]) = ([uq], (T[αq′ ](µ|G))(X[αq′ ])),
for uq ∈ TqQ and X[αq′ ] ∈ T[αq′ ](T
∗Q/G), with αq′ ∈ T
∗
q′Q.
The tangent map to µ, Tµ : T (T ∗Q)→ T (V ∗τ), is also G-invariant with respect to the tangent
actions of G on T (T ∗Q) and T (V ∗τ). This implies that Tµ induces an epimorphism between
the vector bundles πT∗Q|G : T (T
∗Q)/G → T ∗Q/G and πV ∗τ |G : T (V
∗τ)/G → V ∗τ/G. In
addition, since Tµ is an epimorphism over µ between the Lie algebroids πT∗Q : T (T
∗Q)→ T ∗Q
and πV ∗τ : T (V
∗τ) → V ∗τ, we deduce that the map Tµ|G : T (T ∗Q)/G → T (V ∗τ)/G is
also an epimorphism over µ|G : T ∗Q/G → V ∗τ/G between the Lie algebroids T (T ∗Q)/G and
T (V ∗τ)/G.
Now, denote by π∗Q : T
∗Q→ Q the bundle projection, by pT∗Q : T
∗Q→ T ∗Q/G the canonical
projection and by (pTQ ◦ Tπ
∗
Q, T pT∗Q) : T (T
∗Q)→ L(πQ|G)
∗
(TQ/G) the map defined by
(pTQ ◦ Tπ
∗
Q, T pT∗Q)(Xαq ) = (pTQ((Tαqπ
∗
Q)(Xαq )), (TαqpT∗Q))(Xαq )),
for Xαq ∈ Tαq (T
∗Q), with αq ∈ T
∗
qQ.
Then, this map induces an isomorphism (pTQ ◦ Tπ
∗
Q, T pT∗Q), over the identity of T
∗Q/G,
between the Lie algebroids T (T ∗Q)/G→ T ∗Q/G and L(πQ|G)
∗
(TQ/G)→ T ∗Q/G (see Theorem
9.3 in [10]).
On the other hand, using (9.9), it follows that the map (pTQ ◦ Tπ
∗, T pV ∗τ ) : T (V
∗τ) →
Lπ
∗|G(TQ/G) induces a map (pTQ ◦ Tπ
∗, T pV ∗τ ): T (V
∗τ)/G → Lπ
∗|G(TQ/G) between the
spaces T (V ∗τ)/G and Lπ
∗|G(TQ/G). Furthermore, it is easy to prove that the following diagram
is commutative
L(πQ|G)
∗
(TQ/G)
(Id, T (µ|G))
✲ Lπ
∗|G(TQ/G)
(pTQ ◦ Tπ
∗
Q, T pT∗Q)
❄
(pTQ ◦ Tπ
∗, T pV ∗τ )
❄
T (T ∗Q)/G
Tµ|G
✲ T (V ∗τ)/G
46 D. IGLESIAS, J.C. MARRERO, E. PADRO´N, D. SOSA
Thus, the map (pTQ ◦ Tπ
∗, T pV ∗τ ) is an epimorphism over the identity of V
∗τ/G between
the Lie algebroids T (V ∗τ)/G → V ∗τ/G and Lπ
∗|G(TQ/G) → V ∗τ/G. Therefore, using that
the ranks of these Lie algebroids are equal, we deduce that the map (pTQ ◦ Tπ
∗, T pV ∗τ ) is an
isomorphism, over the identity of V ∗τ/G, between the Lie algebroids. Moreover, from (3.2),
(9.8) and (9.9), it follows (9.10). This proves (i).
On the other hand, using (i) and since η−1{1} is the total space of the Lie affgebroid π˜V ∗τ |G :
ρJ1τ |G(T (V
∗τ/G)) → V ∗τ/G (see Section 5), we deduce (ii). 
As we know, the bidual Lie algebroid to τ1,0|G may be identified with the Atiyah algebroid
πQ|G : TQ/G→ M. Thus, the vector bundles (J
1τ/G)+ → M and T ∗Q/G→ M are isomor-
phic.
Now, suppose that h : V ∗τ/G → (J1τ/G)+ ∼= T ∗Q/G is a Hamiltonian section. Then, we
have that h induces a Hamiltonian section h¯ : V ∗τ → T ∗Q with respect to the Lie affgebroid
τ1,0 : J
1τ → Q (note that (T ∗Q/G)p(q) ∼= T
∗
qQ, for all q ∈ Q). Moreover, using the G-
equivariant character of h¯, we deduce that the standard cosymplectic structure (Ωh¯, η¯) on V
∗τ
(see Section 9.2) is also G-invariant. Thus, it induces a cosymplectic structure on the Lie
algebroid Lπ
∗|G(TQ/G) ∼= T (V ∗τ)/G → V ∗τ/G. This cosymplectic structure is just (Ωh, η).
In addition, it is clear that the Reeb vector field Rh¯ of (Ωh¯, η¯) is also G-invariant and, therefore,
it induces a section of the Lie algebroid Lπ
∗|G(TQ/G) ∼= T (V ∗τ)/G → V ∗τ/G which is just
the Reeb section Rh of (Ωh, η). Consequently, the solutions of the Hamilton equations for h
(that is, the integral curves on V ∗τ/G of the vector field ρ
π∗|G
TQ/G(Rh)) are just the solutions of
the nonautonomous Hamilton-Poincare´ equations for h¯.
Next, we will obtain the expression of these equations. Let {e′0, e
′
i, e
′
a} be the local basis of
Γ(πQ|G) considered in Section 9.3.1. Then, {e
′
i, e
′
a} is a local basis of Γ(π|G) and may con-
sider the corresponding local coordinates (t, xi, pi, p¯a) (respectively, (t, x
i; pt, pi, p¯a)) on V
∗τ/G
(respectively, T ∗Q/G). Suppose that h is locally given by
h(t, xi, pi, p¯a) = (t, x
i,−H(t, xj , pj , p¯b), pi, p¯a).
Using (3.9) and (9.7), we get the Hamilton equations for h (the Hamilton-Poincare´ equations
for h¯),
dxi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂xi
− p¯b
(
Bb0i +B
b
ki
∂H
∂pk
+ cbacK
c
i
∂H
∂p¯a
)
,
dp¯a
dt
= p¯c
(
ccabK
b
0 + c
c
abK
b
k
∂H
∂pk
− ccab
∂H
∂p¯b
)
.
Now, we will obtain the local equations defining the Lagrangian submanifold Sh = Rh(V
∗τ/G)
of the symplectic Lie affgebroid ρ∗J1τ/G(T (V
∗τ/G)) ∼= J1π∗1/G. For this purpose, we consider
local coordinates (t, xi, pi, p¯a; x˙
i, v¯a, p˙i, ˙¯pa) on ρ
∗
J1τ/G(T (V
∗τ/G)) ∼= J1π∗1/G.
Using (3.7) and (9.7), we get that the Reeb section Rh is given by
Rh = e˜0 +
∂H
∂pi
e˜i +
∂H
∂p¯a
e˜a −
(∂H
∂xi
+Bb0ip¯b +B
b
kip¯b
∂H
∂pk
+ cbacK
c
i p¯b
∂H
∂p¯a
)
e¯i
+
(
ccabK
b
0p¯c + c
c
abK
b
kp¯c
∂H
∂pk
− ccabp¯c
∂H
∂p¯b
)
e¯a,
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where {e˜0, e˜i, e˜a, e¯i, e¯a} is the local basis of sections of L
π∗|G(TQ/G) → V ∗τ/G induced by
{e′0, e
′
i, e
′
a}. Thus, the local equations defining the submanifold Sh of ρ
∗
J1τ/G(T (V
∗τ/G)) ∼=
J1π∗1/G
v¯a =
∂H
∂p¯a
, x˙i =
∂H
∂pi
, p˙i = −
∂H
∂xi
− p¯b
(
Bb0i +B
b
ki
∂H
∂pk
+ cbacK
c
i
∂H
∂p¯a
)
,
˙¯pa = p¯c
(
ccabK
b
0 + c
c
abK
b
k
∂H
∂pk
− ccab
∂H
∂p¯b
)
.
In other words,
v¯a =
∂H
∂p¯a
,
(9.11)
dxi
dt
=
∂H
∂pi
,
dpi
dt
= −
∂H
∂xi
− p¯b
(
Bb0i +B
b
ki
∂H
∂pk
+ cbacK
c
i
∂H
∂p¯a
)
,
dp¯a
dt
= p¯c
(
ccabK
b
0 + c
c
abK
b
k
∂H
∂pk
− ccab
∂H
∂p¯b
)
.
Note that Eqs. (9.11) are just the Hamilton-Poincare´ equations for h¯.
9.3.3. Nonautonomous Lagrange-Poincare´ equations. The action J1Φ of G on J1τ is free and
J1τ is the total space of a principal G-bundle over J1τ/G with bundle projection pJ1τ : J
1τ →
J1τ/G. Therefore, we have the corresponding Atiyah algebroid πJ1τ |G : T (J
1τ)/G → J1τ/G
and, in addition, the exact 1-form τ∗1 (dt) on J
1τ , which is G-invariant, induces a 1-cocycle
φ˜0 : T (J
1τ)/G→ R on πJ1τ |G : T (J
1τ)/G→ J1τ/G. Here, τ1 : J
1τ → R is the map τ ◦ τ1,0.
Now, denote by Lτ1,0|G(TQ/G) the prolongation of the Atiyah algebroid πQ|G : TQ/G → M
over the fibration τ1,0|G : J
1τ/G→M and by φ0 : L
τ1,0|G(TQ/G)→ R the 1-cocycle defined by
(3.17). We recall that φ−10 {1} is the Lie affgebroid (τ1,0|G)
(τ1,0|G) : J J
1τ/G(J1τ/G) → J1τ/G
(see Section 4). Moreover, we may introduce the map
(pTQ ◦ TρJ1τ , T pJ1τ ) : T (J
1τ)→ Lτ1,0|G(TQ/G) ⊆ TQ/G× T (J1τ/G)
given by
(9.12) (pTQ ◦ TρJ1τ , T pJ1τ )(Xj1t γ) = (pTQ((Tj1t γρJ1τ )(Xj1t γ)), (Tj1t γpJ1τ (Xj1t γ))),
for Xj1t γ ∈ Tj1t γ(J
1τ) and j1t γ ∈ J
1τ , where ρJ1τ : J
1τ → TQ is the anchor map of the Lie
affgebroid τ1,0 : J
1τ → Q.
On the other hand, we consider the fibration ν ◦ τ1,0|G : J
1τ/G→ R and the Atiyah affgebroid
associated with the principal G-bundle pJ1τ : J
1τ → J1τ/G and the projection ν ◦ τ1,0|G.
Since ν ◦ τ1,0|G ◦ pJ1τ = τ1, it follows that the Atiyah affgebroid is the quotient affine bundle
(τ1)1,0|G : J
1τ1/G→ J
1τ/G, where (τ1)1,0|G is defined by
((τ1)1,0|G)([j
1
t γ]) = [(τ1)1,0(j
1
t γ)] = [γ(t)],
for γ : I ⊆ R → J1τ a local section of τ1 and t ∈ I. Note that the Lie affgebroids φ˜
−1
0 {1} and
(τ1)1,0|G : (J
1τ1)/G → M may be identified in such a way that the bidual Lie algebroid to
(τ1)1,0|G : (J
1τ1)/G → J
1τ/G may be identified with πJ1τ |G : T (J
1τ)/G → J1τ/G. Under
the above identifications, the 1-cocycle 1(J1τ1)/G is just φ˜0.
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Theorem 9.3. (i) The map (pTQ ◦ TρJ1τ , T pJ1τ ) : T (J
1τ) → Lτ1,0|G(TQ/G) induces an
isomorphism (pTQ ◦ TρJ1τ , T pJ1τ ) , over the identity of J
1τ/G, between the Lie algebroids
πJ1τ |G : T (J
1τ)/G→ J1τ/G and (πQ|G)
τ1,0|G : Lτ1,0|G(TQ/G)→ J1τ/G. Furthermore,
((pTQ ◦ TρJ1τ , T pJ1τ ), Id)
∗φ0 = φ˜0.
(ii) The restriction of the map (pTQ ◦ TρJ1τ , T pJ1τ ) to (J1τ1)/G induces an isomorphism, over
the identity of (J1τ)/G, between the Atiyah affgebroid (τ1)1,0|G : (J
1τ1)/G → J
1τ/G and the
Lie affgebroid (τ1,0|G)
(τ1,0|G) : J (J
1τ/G)(J1τ/G)→ J1τ/G.
Proof. (i) From (9.12) it follows that (pTQ ◦ TρJ1τ , T pJ1τ ) induces a morphism, over the iden-
tity of J1τ/G, between the Lie algebroids πJ1τ |G : T (J
1τ)/G → J1τ/G and (πQ|G)
τ1,0|G :
Lτ1,0|G(TQ/G) → J1τ/G. We denote this morphism by (pTQ ◦ TρJ1τ , T pj1τ ). Moreover, pro-
ceeding as in the proof of Theorem 9.2 and using the G-equivariant character of ρJ1τ , Theorem
9.1 in [10] and the fact that the tangent map to ρJ1τ , T (ρJ1τ ) : T (J
1τ) → T (TQ), is a G-
equivariant Lie algebroid monomorphism over ρJ1τ ,we deduce (i).
(ii) It follows using (i). 
Now, suppose that l : J1τ/G→ R is a Lagrangian function. Then, we will denote by L : J1τ →
R the function given by L = l ◦ pJ1τ . Since L is a G-invariant Lagrangian function, we deduce
that the Poincare´-Cartan 2-form ΩL on J
1τ is also G-invariant. Thus, it induces a section of
the vector bundle ∧2(Lτ1,0|G(TQ/G)∗) ∼= ∧2(T ∗(J1τ)/G) → J1τ/G. This section is just the
Poincare´-Cartan 2-section Ωl associated with l. Therefore, the solutions of the Euler-Lagrange
equations for l are just the solutions of the nonautonomous Lagrange-Poincare´ equations for
L.
Next, we will obtain the expression of these equations. Let {e0, ei, ea} be the local basis of
G-invariant vector fields on Q defined as in (9.6) and (t, xi, x˙i, v¯a) (respectively, (t, xi, t˙, x˙i, v¯a))
be the corresponding local fibred coordinates on J1τ/G (respectively, J˜1τ/G = TQ/G). Using
(3.21) and (9.7), we obtain the Euler-Lagrange equations for l (that is, the Lagrange-Poincare´
equations for L),
∂l
∂xi
−
d
dt
( ∂l
∂x˙i
)
= Bb0i
∂l
∂v¯b
+Bbjix˙
j ∂l
∂v¯b
+ cbdcK
c
i v¯
d ∂l
∂v¯b
,
˙¯pa = p¯b
(
cbacK
c
0 + c
b
acK
c
j x˙
j − cbadv¯
d
)
.
On the other hand, we consider the local coordinates (t, xi, pi, p¯a; x˙
i, v¯a, p˙i, ˙¯pa) on J
1π∗1/G
∼=
ρ∗J1τ/G(T (V
∗τ/G)). Then, the local equations defining the Lagrangian submanifold Sl are (see
(8.4))
pi =
∂l
∂x˙i
, p¯a =
∂l
∂v¯a
, p˙i =
∂l
∂xi
+Bbi0
∂l
∂v¯b
+Bbij x˙
j ∂l
∂v¯b
− cbdcK
c
i v¯
d ∂l
∂v¯b
,
˙¯pa =
∂l
∂v¯b
(
cbacK
c
0 + c
b
acK
c
j x˙
j − cbadv¯
d
)
.
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or, in other words,
(9.13) pi =
∂l
∂x˙i
, p¯a =
∂l
∂v¯a
,
(9.14)
∂l
∂xi
−
dpi
dt
= p¯b
(
Bb0i +B
b
jix˙
j + cbdcK
c
i v¯
d
)
,
˙¯pa = p¯b
(
cbacK
c
0 + c
b
acK
c
j x˙
j − cbadv¯
d
)
.
Eqs. (9.13) give the definition of the momenta and Eqs. (9.14) are just the Lagrange-Poincare´
equations for L.
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